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Preface

This course focuses on three topics in circuit complexity. The first couple of lectures
give a motivation for studying circuits, required background in complexity theory,
as well as classical results in circuit complexity. Spending this time (and space) is
done so that these notes would be as self contained as possible. We then discuss the
following topics:

• Hardness-Randomness tradeoffs.

• Williams’ recent separation of NEXP from ACC0.

• Matrix Rigidity.

These three topics represent three recurring states in complexity theory, respectively:
Surprising results, results that were surprisingly hard to prove, and results that are
surprisingly hard still.

I am thankful to all of the students for attending the course and writing the lecture
notes: Sagie Benaim, Anat Ganor, Elazar Goldenberg, Tom Gur, Rani Izsak, Ilan
Komargodski, Inbal Livni, Yuval Madar, Shani Nitzan, Daniel Reichman, Uri Sher-
man, Igor Shinkar and Tal Wagner. I would like to thank Eli Ben-Sasson for allowing
me to use his beautiful template for this lecture notes (crafted by Eyal Rozenberg).
Last but not least, I would like to thank my advisor Ran Raz for supporting me in
delivering this course.
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Lecture 1

The Limits of Diagonalization
November 1st, 2012

Lecturer: Gil Cohen Scribe: Daniel Reichman

In this lecture we define basic complexity classes that play a central role in complexity
theory. We will also touch upon a useful method for separating between complexity
classes, called diagonalization. The use of diagonalization in complexity theory was
inspired by the efficacy of this method in computability theory and in mathematical
logic. Despite these success, we will demonstrate the limitation of this method in
dealing with the very basic questions in complexity theory such as the P vs. NP

problem. These limitations are one of the reasons why complexity theorists study
circuits instead of merely focusing on Turing machines.

1.1 Complexity Classes

A central and astonishing discovery in the study of computation is that although
there are natural computational problems in the thousands, almost all of them can
be classified into a small number of classes that capture the problems’ computational
hardness. In this section we remind the reader of some of these classes.
A function f : N → N is time constructible if for every n, f(n) ≥ n and there
is a Turing machine that given 1n as input, outputs 1f(n) in time O(f(n)). All
the functions that we will consider are time-constructible. Moreover, unless stated
otherwise, all languages are subsets of {0, 1}∗.
Definition 1.1. Let T : N → N. DTIME (T (n)) is the class of all languages that
are decidedable by a Turing machine halting within O(T (n)) steps.

Definition 1.2. The class P is defined as

P =
⋃
c≥1

DTIME (nc) = DTIME
(
nO(1)

)
.

In words, the class P captures all languages decidable in polynomial-time in the input
length.

Definition 1.3. The class EXP is defined as

EXP =
⋃
c≥1

DTIME
(
2n

c)
= DTIME

(
2n

O(1)
)
.
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Definition 1.4. The class E is defined as DTIME
(
2O(n)

)
. That is, E is the class

of all languages that can be solved in time 2cn on inputs of length n, where c is some
positive constant. This is sometimes referred to as linear-exponential time.

Similar definitions apply for the non-deterministic complexity classes. For example,

NP =
⋃
c≥1

NTIME (nc) = NTIME
(
nO(1)

)
,

e.g., all languages that are decidable by non-deterministic Turing machines, whose
longest computation path is polynomially bounded in the input length. In other
words, NP is the class of all languages for which membership can be verified in
polynomial-time (see also Definition 2.1). NEXP is the class of all languages de-
cidable by a non-deterministic Turing machine whose longest computation path is
bounded exponentially in the input length. Put differently, NEXP is the class of all
languages for which membership can be verified in exponential time.

1.2 Universal Turing Machines

We will use the fact that every Turing machine M can be encoded by a finite string
x ∈ {0, 1}∗. When M is encoded by a string x we denote this encoding by Mx to
illustrate that the encoding is of M . A marvelous, yet simple to verify fact, is that
there exists a Universal Turing Machine U which, when given an encoding Mx of
M and a string y ∈ {0, 1}∗, outputs U(Mx, y) = M(y). That is, U simulates the
computation of M on y and returns M(y), if it is defined.
We make use of two special properties of the encoding of Turing machines that will
be important for us. First, every string encodes some Turing machine. Second, every
Turing machine is encoded by infinitely many strings.
We formalize the above in the following theorem, whose proof is omitted (see Chapter
1 of Arora and Barak [2009] for details).

Theorem 1.5. There exists a Turing machine U , called the Universal Turing Ma-
chine, such that for every x, y ∈ {0, 1}∗ it holds that U(Mx, y) = M(y). Furthermore,
if the running time of M on y is bounded by T , then the running time of U on Mx, y

is bounded by c · T log T , where c is some positive constant independent of y.

Note: the constant c in the above theorem depends only on the number of states and
tapes in M . Clearly the running time of the universal Turing machine must somehow
depend on the encoded machine M .
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1.3 Two Time Hierarchy Theorems

In complexity theory one is interested in the tradeoff between different resources
such as time, space, non-determinism, etc. For example, the famous P vs. NP

problem asks whether non-determinism adds computational power to polynomial-
time computation. A harsh lesson we learned in the past few decades is that such
results are usually extremely hard to obtain.
An easier problem is whether more of the same resource adds to the computational
power. Such theorems are called hierarchy theorems. A key technique in proving
such theorems is diagonalization, a proof technique that was introduced by Cantor
in showing that there are real numbers that are irrational. Diagonalization is widely
used in computability theory (for example, showing that the Halting Problem is
undecidable). It is also used in mathematical logic in proving impossibilty results
such as Gödel incompleteness theorem (see Chapter 6 of Papadimitriou [2003] for
details).
We now state the deterministic time-hierarchy theorem.

Theorem 1.6 (Hartmanis and Stearns [1965]). Let f, g : N → N be two time con-
structible functions. Assume that f(n) log(f(n)) = O(g(n)). Then

DTIME (f(n))  DTIME (g(n)).

Proof. Following Arora and Barak [2009], for simplicity, we will prove this theorem
for the special case f(n) = n and g(n) = n1.5. The general case can be easily derived.
We define now a Turing machine D (stands for diagonalization) as follows. Given x
as input, D simulates Mx on input x for |x|1.2 steps (|x| is the length of the string
x). If Mx outputs a bit b and halts then D output 1 − b (and, of course, halts as
well). Otherwise, D outputs some arbitrary value, say 0 and halts. By definition, the
language L that is decided by D, belongs to DTIME (n1.5). Indeed, by Theorem 1.5,
the simulation of Mx incurs only a multiplicative factor of O(log n) to the running
time, and n1.2 · log n = o(n1.5).
We now prove that L /∈ DTIME (n). The proof is by contradiction. Assume there
is a Turing machine M such that M decides L and halts in time O(n) on all inputs
of length n. When we ran the universal Turing machine U on the pair (Mx, x), the
running time is bounded by c|x| log |x| for some fixed positive constant c (the value
of the constant c depends on the hidden constant in the running time of M and on
the constant in the running time of the Universal Turing machine U).
Take m ∈ N large enough such that m1.2 > cm logm and consider an encoding y
of M such that |y| > m (such an encoding exists as we know every Turing machine
is encoded by infinitely many strings). When receiving y as input, D will compute
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M(y) after at most |y|1.2 steps and will output a bit different from M(y). Thus
D(y) 6= M(y) contradicting the definition of D. This contradiction concludes the
proof of the theorem.

The proof of Theorem 1.6 is very similar to the proof by diagonalization of the
Halting Problem being undecidable. The following is a hierarchy theorem for non-
determinism. Its proof is also based on diagonalization, but requires a new idea.
Besides having a beautiful proof, we will use this theorem in the future (e.g., in
Theorem 7.1 (Todo: add also williams ))

Theorem 1.7 (Cook [1973]). If f, g : N → N are time-constructible functions such
that f(n+ 1) = o(g(n)), we have that

NTIME (f(n))  NTIME (g(n)).

Proof. As in Arora and Barak [2009], for simplicity, we focus on the case f(n) =

n, g(n) = n1.5. The proof for the general case is similar. As a first attempt to
prove this theorem, one might try and use a similar diagonalization argument as
in the deterministic time hierarchy theorem, using a universal Turing machine for
non-deterministic machines (such a universal machine does exist). Unfortunately a
naive implementation of this idea does not quite work. The difficulty is the lack of
symmetry with respect to accepting and rejecting an input in the non-deterministic
model. For example, the fact that a language L is in NTIME (n) is not known to
imply that the complement of L belongs to NTIME (n1.5), as for a given x, to decide
x 6∈ L requires, at least naively, going over all computational branches of the non-
deterministic machine deciding L, which does not seem to be possible to accomplish
in non-deterministic polynomial-time. For similar reasons, it is not clear whether NP

is closed under taking complements and in fact, it is widely believed NP 6= coNP.
We define recursively a function h : N→ N as follows.

h(1) = 2

h(i+ 1) = 2h(i)1.1 ∀i ≥ 1.

It can be verified that for any integer n, one can find the integer i such that h(i) <

n ≤ h(i+ 1) in, say, O(n1.5) time.
The machine D is defined as follows.

1. For input x, if x /∈ 1∗ reject. Otherwise, x = 1n. Compute i such that h(i) <

n ≤ h(i + 1), and let Mi be the machine encoded by the binary representation
of i.
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2. If n ∈ (h(i), h(i + 1)), using a non-deterministic universal Turing machine,
simulate Mi on 1n+1 for n1.2 steps and return an identical answer to Mi (if Mi

fails to halt then halt and accept).

3. If n = h(i+ 1) then simulate Mi for (h(i) + 1)1.2 steps. If Mi fails to halt then
accept. Otherwise accept 1n if and only if Mi rejects 1h(i)+1.

Observe that part 3 requires going over all the computational branches of length
(h(i) + 1)1.2, which can be implemented to run in time 2(h(i)+1)1.2 = O(h(i + 1)1.5).
Hence, the language decided by D belongs to NTIME (n1.5) (as parts 1,2 can also
be computed in this time limit).
Suppose towards a contradiction that the language decided byD belongs to NTIME (n)

and letM be a non-deterministic Turing machine deciding L in time cn for some pos-
itive constant c. As in the deterministic case, every non-deterministic machine is
represented by infinitely many strings. In particular, M is represented as the binary
encoding of a large enough i, such that for all inputs of length n larger than h(i),
simulating Mi takes less time than n1.2. By the way we constructed D, for every
h(i) < n < h(i+ 1) it holds that

D(1n) = Mi(1
n+1). (1)

By the definition of Mi, for every h(i) < n ≤ h(i+ 1),

D(1n) = Mi(1
n). (2)

Combining Equation 1 and Equation 2 (many times) we have that Mi(1
h(i)+1) =

D(1h(i+1)). On the other hand, as Mi halts on 1h(i)+1 on every branch after less than
(h(i) + 1)1.2 time, we get by the way D was defined that

Mi(h(i) + 1) 6= D(h(i+ 1)).

This contradiction concludes the proof.

We end this section with the following corollary.

Corollary 1.8.
P ⊆ NP ⊆ PSPACE ⊆ EXP.

Moreover, at least one of the containments is strict.

Proof. We give only a sketch of the proof (see Chapter 7 of Papadimitriou [2003]). The
first containment is trivial. As for the second one, every non-deterministic polynomial-
time machine can be simulated in polynomial space (simply go over all computation

1–5



branches, reusing space). The third containment holds since every polynomial space
machine that halts in fact halts in exponential time (the possible number of con-
figurations of a machine using polynomial space is exponential). However, by the
Deterministic Time Hierarchy Theorem (Theorem 1.5) P 6= EXP. Thus, one of the
containments must be strict.

While it is strongly believed that all containments in the above theorem are strict,
it is not known how to prove that a single containment is strict. Proving it (or even
proving P 6= PSPACE) would be a major breakthrough.

1.4 Oracles and Relativization

The success of diagonalization techniques in separating between complexity classes
revealed in hierarchy theorems may lead one to believe that such methods can be
used to settle the P vs. NP problem. However, in the 70’s researchers have shown
that this is not the case - provably, new ideas are required.
These kind of results, where one shows that a natural and useful technique is provably
not enough to settle some problem, is referred to as a barrier. In this section we show
a barrier for proofs by diagonalization. (Todo: add a reference to Ron’s natural proofs
lecture once it is ready )
The key ingredient behind the formal proof of the limitation of diagonalization lies in
the use of oracles. Let O ⊆ {0, 1}∗. Roughly speaking, an oracle Turing machine MO

is a Turing machine that can test membership to O in a single computational step.
Namely, while running on an input, the machine can send a string to an oracle that
decides whether this string belongs to O and return an answer to M accordingly.

Definition 1.9. An Oracle Turing Machine M with oracle access to a language O
is a Turing machine with a special auxiliary tape (named the oracle tape) as well as
three special states qyes, qno, qquery. When the machine is in qquery it queries whether
the string written on the oracle tape is in O by moving to qyes if the string belongs
to O and to qno otherwise. A query step is counted as a single computational step.
We denote the output of M with oracle access to O on input x, by MO(x). A similar
definition applies to non-deterministic Turing machines.

Definition 1.10. Consider O ⊆ {0, 1}∗. The class PO is the class of languages
that can be decided by an oracle Turing machine with oracle access to O that runs
in polynomial-time. Similarly, the class NPO is the class of all languages that can
be decided by a non-deterministic Turing machine with oracle access to O, with all
computational paths having polynomial length.
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A close inspection on diagonalization-based proofs, such as those used in the hierarchy
theorems presented at the previous section, reveals that they rely on the encoding
of Turing machines that allows a universal Turing machine to simulate any other
machine M ′ using the encoding of M ′ without much increase of the time complexity
of M ′. As it turns out, it is possible to encode oracle Turing machines such that a
universal Turing machine can efficiently simulate oracle Turing machines.
The implication is clear yet powerful: any complexity result proved for ordinary
Turing machines using only the existence of an encoding of Turing machines and a
universal Turing machine that simulates them in a black-box manner, carries over to
oracle machines as well. In this case, we say that the result relativize, because the
same result holds relative to any oracle. If we are able to find for two complexity
classes C1 and C2 two oracles O1 and O2 such that C1

O1 = C2
O1 but C1

O2 6= C2
O2 ,

then equality and inequality of C1 and C2 do not relativize. In other words, plain
diagonalization cannot be used to prove or disprove C1 = C2.
As we see next, Baker et al. [1975] proved that this is the situation for P and NP. We
note that there are many more examples of similar flavor. For example, for the poly-
nomial hierarchy PH that will be defined in the next lecture (see Section 2.1), there
exist oracles O1, O2, such that PHO1 = PSPACEO1 whereas PHO2 6= PSPACEO2

(see Yao [1985]).

Theorem 1.11 (Baker et al. [1975]). There exist oracles A,B ⊆ {0, 1}∗ such that

PA = NPA and yet PB 6= NPB.

Proof. We first show how to construct an oracle A such that PA = NPA. The idea is
to construct a powerful oracle that will “cancel" the non-determinism advantage NP

machines have over deterministic polynomial-time computation.
Take A to be an arbitrary EXP-complete language. An oracle access to A enables
a Turing machine to solve any problem in EXP in a single query. Hence EXP ⊆
PA. On the other hand, one can simulate in deterministic exponential-time a non-
deterministic polynomial-time Turing machine, with oracle access to A. This is done
by going over all computation branches (in exponential time) and answer A queries
(where every query can be answered in exponential time). Thus NPA ⊆ EXP. As
clearly PA ⊆ NPA for any oracle A, the result follows.
As for the second part of the theorem, for a given language B we define UB to be the
unary language

UB = {1n| there exists a string of length n in B}.
Clearly UB ∈ NPB as a non-deterministic polynomial-time machine can guess a string
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s in B (if such exists) and use the oracle to verify whether s ∈ B. We show how to
construct a language B such that UB /∈ PB.
Given i ∈ N, letMi be the oracle Turing machine encoded by the binary representation
of i. B is constructed iteratively (initially B is set to be the empty language), such
that Mi will not decide UB in time complexity smaller than 2n/10 when running on
inputs of length n.
At the ith stage, for a finitely many strings a decision has been made whether they
belong to B or not. Call strings that are in B black, strings not in B white and strings
for which no decision has been made yet, gray. Take n to be larger than the length
of all strings that were declared as black or white. Run Mi on input 1n for exactly
2n/10 steps. When Mi queries strings that are known to belong (or not to belong) to
B (e.g., black or white), the oracle answers consistently with B. If Mi uses the oracle
to query strings that are not yet decided to belong to B (that is, gray strings) then
these strings are declared white.
Our goal is to make sure that the answer of Mi on 1n will lead to a contradiction. By
now, the decision whether to include a string to B or not was made for at most 2n/10

strings in {0, 1}n. Every string of length n we have encountered thus far is white, by
the way our iterative construction work. If Mi accepts 1n then we declare all of the
gray strings in {0, 1}n as not belonging to B (that is, white). Otherwise, we choose a
gray string of length n (note that as the number of strings of length n that we have
encountered thus far is bounded by 2n/10, there must be at least one gray string)
and declare it to be in B, that is, set it to black.
This completes the description of how B is constructed. Our construction ensures
that every machine M with oracle access to B, running in polynomial-time, will err
on 1n for some n. Thus UB /∈ PB. Even more strongly, the above proof implies that
UB /∈ DTIME

(
f(n)B

)
for every time-constructible f with f = o(2n).

A neat aspect of the proof of Theorem 1.11, which shows that diagonalization is in
some sense “weak”, is that it uses diagonalization!
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Lecture 2

The Polynomial Hierarchy, Introduction to
Circuit Complexity - Part 1

November 8th, 2012

Lecturer: Gil Cohen Scribe: Tom Gur

In the last lecture we talked about diagonalization. We discussed the seminal result
by Baker et al. [1975] (see Theorem 1.11), that shows that resolving the P versus NP

problem, in some sense, cannot be accomplished using only black-box simulations
of Turing machines, a property of diagonalization-based proofs. This result gives a
central motivation for the study of circuits, which, as we will see, are more amendable
to white-box inquiry than Turing machines.
In this lecture we will complete some background and cover the very basics of the
Polynomial Hierarchy (see Section 2.1). We then start studying the theory of circuits
(see Section 2.2).

2.1 The Polynomial Hierarchy

The Polynomial Hierarchy, denoted by PH, introduced by Meyer and Stockmeyer
[1972], is a hierarchy of complexity classes that generalize the classes P, NP and
coNP.∗ Before we give the formal definition, let us begin with a couple of motivating
examples. Consider the language

CLIQUE = {(G, k) | G = (V,E) has a clique of size at least k}.

Note that (G, k) ∈ CLIQUE if and only if ∃S ⊆ V such that |S| = k is a clique. Hence,
the condition can be expressed as an existential (First Order Logic) formula, where
the quantified condition (i.e., |S| = k is a clique) can be computed in polynomial
time. In general, recall the definition of NP.

Definition 2.1. A language L is in NP if and only if there exist polynomials p and
q, and a deterministic Turing machine M , such that

• ∀x,w ∈ {0, 1}∗, the machine M runs in time p(|x|+ |w|) on input (x,w).
∗One can view the Polynomial Hierarchy as the resource-bounded counterpart to the Arithmetical

Hierarchy (the Kleene-Mostowski Hierarchy) from mathematical logic, which classifies certain sets
based on the complexity of formulas that define them.
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• x ∈ L ⇐⇒ there exists a proof string (witness) w of length q(|x|) such that
M(x,w) = 1.

According to Definition 2.1, we see that CLIQUE ∈ NP. Now consider a natural
variant of CLIQUE, namely,

EXACT−CLIQUE = {(G, k) | The largest clique in G = (V,E) has size exactly k} .

Note that (G, k) ∈ EXACT−CLIQUE if and only if ∃S ⊆ V such that |S| = k

is a clique and ∀T ⊆ V , |T | > k is not a clique. Hence, the condition can be
expressed by a formula with one existential quantifier and one universal quantifier.
For the EXACT−CLIQUE language, the order of the quantifiers does not matter, as
the conditions on S, T are independent. However, this is not always the case; e.g.,
consider the language

MIN−EQ−DNF = {(φ, k) | ∃ DNF ψ of size k that is equivalent to φ}.

Here, (φ, k) ∈ MIN−EQ−DNF if and only if ∃ DNF ψ of size k such that ∀x φ(x) =

ψ(x).
The class of all languages that can be expressed by an existential quantifier fol-
lowed by a universal quantifier is denoted by Σp

2 . ∗ It is known Umans [1998] that
MIN−EQ−DNF is a complete language for Σp

2.

Definition 2.2. A language L is in Σp
2 if and only if there exist polynomials p, q1, q2,

and a deterministic Turing machine M , such that

• ∀x,w, z ∈ {0, 1}∗, the machineM runs in time p(|x|+|w|+|z|) on input (x,w, z).

• x ∈ L ⇐⇒ ∃w ∈ {0, 1}q1(|x|) ∀z ∈ {0, 1}q2(|x|) M(x,w, z) = 1.

If we change the order of the quantifiers, we get the class Πp
2 . Formally,

Definition 2.3. A language L is in Πp
2 if and only if there exist polynomials p, q1, q2,

and a deterministic Turing machine M , such that

• ∀x,w, z ∈ {0, 1}∗, the machineM runs in time p(|x|+|w|+|z|) on input (x,w, z).

• x ∈ L ⇐⇒ ∀w ∈ {0, 1}q1(|x|) ∃z ∈ {0, 1}q2(|x|) M(x,w, z) = 1.

In a similar fashion, for every i ∈ N we define the class Σp
i as the extension of Σp

2

for formulas with i alternating quantifiers, starting with an existential quantifier, and
∗In the language of mathematical logic, Σp

2 is a class of Second Order Logic formulas.
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Πp
i as the extension of Πp

2 for formulas with i alternating quantifiers, starting with
an universal quantifier. Note that Σp

0 = Πp
0 = P, Σp

1 = NP, and Πp
1 = coNP.

We can also formulate these classes, known as the levels of the Polynomial Hierarchy,
in terms of oracles : For example, it can be shown that Σp

2 = NPNP. More generally,
for i ≥ 0 it holds that

Σp
i+1 = NPΣp

i ,

Πp
i+1 = coNPΣp

i .

See Theorem 5.12 in Arora and Barak [2009] for a proof of the equivalence between
the two definitions.

Definition 2.4. The Polynomial Hierarchy is defined by

PH =
⋃
i≥1

Σp
i .

It is easy to show that PH is contained within PSPACE, but it is not known whether
the two classes are equal.∗

The following lemma states that if a level of the Polynomial Hierarchy is closed under
complement then the Polynomial Hierarchy collapses to that level.

Lemma 2.5. For any i ∈ N, Σp
i = Πp

i =⇒ PH = Σp
i . In this case we say that the

Polynomial Hierarchy collapses to its ith level.

Proof. We start by making the following observation (see Proposition 3.9 in Goldreich
[2008] for a full proof):

Observation 2.6 (rephrased). For every k ≥ 0, a language L is in Σp
k+1 if and only if

there exists a polynomial p and a language L′ ∈ Πp
k such that

L = {x : ∃y ∈ {0, 1}p(|x|) s.t. (x, y) ∈ L′}.

With this observation in mind, assume that Σp
i = Πp

i . We start by showing that
Σp

i+1 = Σp
i . For any language L ∈ Σp

i+1, by the aforementioned observation, there
exists a polynomial p and a language L′ ∈ Πp

i such that

L = {x : ∃y ∈ {0, 1}p(|x|) s.t. (x, y) ∈ L′}.
∗One useful reformulation of this problem is that PH = PSPACE if and only if second-order logic

over finite structures gains no additional power from the addition of a transitive closure operator.
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Figure 1: The Polynomial Hierarchy.
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By the hypothesis L′ ∈ Σp
i , and so (using the observation and i ≥ 1) there exists a

polynomial p′ and a language L′′ ∈ Πp
i−1 such that

L′ = {x′ : ∃y′ ∈ {0, 1}p′(|x′|) s.t. (x′, y′) ∈ L′′}.

Hence,

L = {x : ∃y ∈ {0, 1}p(|x|)∃z ∈ {0, 1}p′(p(|x|)) s.t. ((x, y), z) ∈ L′′}.

By collapsing the two adjacent existential quantifiers and using the aforementioned
observation, we conclude that L ∈ Σp

i . Then, we note that Σp
i+1 = Σp

i implies
Σp

i+2 = Σp
i+1 (again by the aforementioned observation), and likewise Σp

j+2 = Σp
j+1

for every j ≥ i. Hence PH = Σp
i .

As an immediate corollary of Lemma 2.5 we get:

Corollary 2.7. P = NP =⇒ P = PH.

Namely, if one quantifier “doesn’t help” then no constant number of them will.

2.1.1 Complete Languages in the Polynomial Hierarchy

We observe that if PH = ∪i≥1Σ
p
i has any complete language L then there exists an

i such that L is complete for Σp
i . As a consequence, the Polynomial Hierarchy would

collapse to its ith level. Thus, we believe that PH does not have a complete language.
Since there are PSPACE-complete languages, we infer that if PSPACE = PH

then the Polynomial Hierarchy must collapse. This is served as an evidence for
PH 6= PSPACE.
On the other hand for every i ≥ 1 there exists a complete languages for Σp

i as well as
for Πp

i . These complete languages are based on Totally Quantified Boolean Formulas
(hereafter TQBF). A TQBF is a Boolean formula wherein all of the variables are
quantified. We notice that since there are no free variables, a TQBF is either true or
false. For example,

∀x∃y (x ∧ y) ∨ (x̄ ∧ ȳ)

is a TQBF that is always true, as indeed, for every x there exists a y that equals to
x. On the other hand, the TQBF

∃x∀y (x ∧ y) ∨ (x̄ ∧ ȳ)

is false (unless the set from which x, y are drawn is a singleton). For every i ∈ N
we define TQBFi as the set of all true TQBF that contain i quantifiers (starting
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with an existential quantifier). For every i ∈ N, TQBFi is a Σp
i -complete lan-

guage (where completeness is defined by Karp reductions), while TQBF is PSPACE-
complete Stockmeyer and Meyer [1973] (for a proof, see e.g., Theorem 4.13 in Arora
and Barak [2009]).

2.2 Introduction to Circuit Complexity

An n-input Boolean circuit is a directed acyclic graph with n sources and one sink.
All non-source vertices are called gates and are labeled with one of {∨,∧,¬}, i.e.,
disjunction (logical OR), conjunction (logical AND) and negation gates. The in-
degree of the negation gates is always 1. In this lecture we consider disjunction and
conjuction with in-degree 2.
The depth of the circuit C, denote by depth(C) is the number of edges in the longest
path between the sink and a source. The fan-in is the maximum in-degree of the
graph. The fan-out is the maximum out-degree of the gates in the graph. The size
of a circuit C, denoted by size(C), is the number of wires in the graph.
In order to evaluate a circuit on an input x = (x1, . . . , xn), for every vertex of the
circuit we give a value as follows: if the vertex is the ith source, then its value is
the ith bit of the input (that is, xi). Otherwise the value is defined recursively by
applying the vertex’s logical operation on the values of the vertices connected to it.
The output of the circuit is the value of the sink.
For example, consider the following circuit (taken from Williams [2011a]).

The circuit was found by Kojevnikov, Kulikov, Yaroslavtsev 2009 using a SAT solver, and
the solver verified that there is no smaller circuit computing this function. Pretty awesome.

2.3 Circuit Complexity

Given a Boolean function f and a basis set B, we define CB(f) to be the minimum size over
all B-circuits that compute f . The quantity CB(f) is called the circuit complexity of f over B.

What possible B’s are interesting? For circuits with bounded fan-in, there are two which
are generally studied. (For circuits with unbounded fan-in, there are many more, as we’ll see.)
One basis used often is B2, the set of all 222

= 16 Boolean functions on two bits. (In general,
Bk refers to the set of all functions f : {0, 1}k ! {0, 1}.) This makes the circuit complexity
problem very natural: how efficiently can we build a given f 2 Bn from functions in B2?

The next most popular basis is U2, which informally speaking, uses only AND, OR, and
NOT gates, where NOT gates are “for free” (NOT gates are not counted towards size).

More formally, for a variable x, define x1 = x and x0 = ¬x. Define the set

U2 = {f(x, y) = (xb1 ^ yb2)b3 | b1, b2, b3 2 {0, 1}}.

U2 consists of 8 different functions. When we have constants 0 and 1 built-in to the circuit, we
can get more functions out of U2 without any trouble. By plugging constants into functions
from U2, we can obtain f(x, y) = x, f(x, y) = ¬x, f(x, y) = y, f(x, y) = ¬y, f(x, y) = 0,

3

This circuit is the smallest possible circuit (found by Kojevnikov et al. [2009] using
a SAT solver) that computes the MOD3 function, where MOD3 : {0, 1}4 → {0, 1} is
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defined by

MOD3(x1, x2, x3, x4) = 1 ⇐⇒ x1 + x2 + x3 + x4 (mod 3) = 0.

Let us consider Boolean circuits that compute functions f : {0, 1}n → {0, 1}. We
show the following basic facts regarding the representation of Boolean functions by
Boolean circuits.

Theorem 2.8. Every function f : {0, 1}n → {0, 1} can be computed by a Boolean
circuit of size O (n · 2n).∗ Moreover, “most” (an arbitrary fraction) functions require
circuits of size Ω (2n/n).

Proof. Given a function f : {0, 1}n → {0, 1}, we can write down its truth table in
Conjunction Normal Form (CNF). Then we can build a logarithmic depth circuit
(note that we can implement an AND gate with n inputs using a tree of fan-in 2

AND gates, with size O(n) and depth O(log n)) that expresses the aforementioned
CNF. Since the size of the truth table is 2n, the size of the circuit will be O (n · 2n).
For the “moreover” part, let us count and compare the number of possible circuits of
size s, and Boolean functions with n variables. On one hand, we can bound the size
of the representation of a size s Boolean circuit by O(s log s) (simply by listing each
gate and a pointer to its 2 neighbors, each described by log s bits). On the other
hand, the size of the description of the truth table of a Boolean function on n bits
is 2n. If O(s log s) < 2n, then there are not enough Boolean circuits to compute all
functions on n variables. Thus, an arbitrary fraction of the Boolean functions on the
hypercube requires size that is proportional to 2n/n.

While a Turing machine can handle inputs of every length, Boolean circuits can only
get inputs of a fixed-length. Hence, the computational model of Boolean circuits
is defined as a family of circuits C = {Cn}∞n=1, where the circuit Cn has n inputs.
This kind of computational model is called non-uniform, since it allows a different
treatment for inputs of varying length, or infinite number of algorithms, if you will.
The non-uniformity of Boolean circuits gives a surprisingly strong power to the model.
In fact, it can actually solve undecidable languages. To see this, consider an unde-
cidable language encoded in unary. Since we can design a circuit per input length, in
the case of unary languages (where there is only one input of each length) we can fit
a degenerate circuit (that simply returns the right answer) for each input.
∗In fact we can do even better: Lupanov [1958] proved that every Boolean function on n variables

can be computed by a circuit with size (1 + αn)
2n

n , where αn ∼ logn
n (see Theorem 1.15 in Jukna

[2012]).
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Definition 2.9. Given a function s : N → N, a language L is in SIZE(s(n)) if and
only if there exists a family of Boolean circuits C = {Cn}∞n=1 that decides L, such
that size(Cn) ≤ s(n) for all n.

Definition 2.10. The class P/poly,
∗ is defined as the class of languages decided by

families of circuits of polynomial size, namely,

P/poly =
⋃
c≥1

SIZE(nc).

Similarly to the time hierarchy theorems (Theorem 1.6, Theorem 1.7), we have a size
hierarchy theorem.

Theorem 2.11. If n ≤ s(n) ≤ 2n

4n
, then SIZE(s(n))  SIZE(4·s(n)).

For simplicity we prove a somewhat weaker theorem, namely, that for large enough
n, SIZE(n2)  SIZE(n3). The proof of Theorem 2.11 can be found in Jukna [2012].

Proof. By Theorem 2.8 there exists a constant c such that for every ` there exists a
function h` : {0, 1}` → {0, 1} that cannot be computed by a circuit of size 2`/(c · `).
Let ` = `(n) be the smallest number such that 2`/(c · `) > n2. Consider the function
fn : {0, 1}n → {0, 1} that applies h` to the first ` (out of n) inputs.
By Theorem 2.8 there exists a constant d for which h` can be computed by a circuit
C` of size at most d · 2``. Thus, fn can be computed by a circuit C ′n of size at most
d · 2`` ≤ n3, where the inequality holds for large enough n (as a function of the two
constants c, d).
Thus, the language L decided by the family of circuits {C ′n}n is in SIZE (n3) \
SIZE (n2), which completes the proof.

An important property of polynomial-size Boolean circuits is the fact that they can
emulate any polynomial-time Turing machine. This is captured by the following
theorem.

Theorem 2.12. P ⊂ P/poly.

Proof. We follow the proof in Arora and Barak [2009]. Note that in this discussion
we allow using circuits with many outputs. Recall (by the proof of the Cook-Levin
theorem) that one can simulate every time O(T (n)) Turing machineM by an oblivious
Turing machine M̃ (a machine whose head movement depends only on the input
∗The name P/poly comes from an equivalent complexity class: the class of languages recognized

by a polynomial-time Turing machine with a polynomial-bounded advice string. We will address
this definition later in the course (see Section 8.1).
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length) running in time O(T (n)2) (or even O(T (n) log T (n)) if we try harder). Thus it
suffices to show that for every oblivious T (n)-time Turing machineM , there exists an
O(T (n))-sized circuit family {Cn}n∈N such that C|x|(x) = M(x) for every x ∈ {0, 1}∗.
Let M be such an oblivious Turing machine, that has k tapes. Let x ∈ {0, 1}∗ be
some input for M and define the transcript of M ’s execution on x to be the sequence
z1, . . . , zT (n) of snapshots (the machine’s state and symbols read by all heads) of the
execution at each step in time. We can encode each such snapshot zi by a constant-
size binary string, and furthermore, we can compute the string zi based on k bits
from the input x, the previous snapshot zi−1 and the snapshots zi1 , . . . , zik , where zij
denotes the last step thatM ’s jth head was in the same position as it is in the ith step.
Because these are only a constant number of strings of constant length, this means
that we can compute zi from these previous snapshots using a constant-size circuit
(essentially due to Theorem 2.8, which promise us we can compute any function).
The composition of all these constant-size circuits gives rise to a circuit that computes
from the input x the snapshot zT (n) of the last step of M ’s execution on x. There
is a simple constant-size circuit that, given zT (n), outputs 1 if and only if zT (n) is an
accepting snapshot (in which M outputs 1 and halts). Thus, there is an O(T (n)2)-
sized circuit Cn such that Cn(x) = M(x) for every x ∈ {0, 1}n.

Note that the proof of Theorem 2.12 shows that not only there exists a family of
polynomial-size circuits that decides any language in P, but in fact, given the machine
M and n ∈ N, the circuit Cn can be computed by a Turing machine in poly(n) time.
In this case we say that {Cn}n∈N can be uniformly generated (see Section 3.3 for some
more information about the circuits uniformity.)
By Theorem 2.12, in order to show that P 6= NP, it is sufficient to show that there
exists a language in NP that is not in P/poly, that is, NP 6⊆ P/poly. This type of
result is called circuit lower bounds, as we are interested in proving a lower bound on
the size of a circuit (or circuit family to be more precise) for some language (in NP

in this case).
The current state of our knowledge of circuit lower bounds is very meagre. We can’t
even show that NEXP (and even EXPNP) is not contained in P/poly. The smallest
class we do know of that is not contained in P/poly is MAEXP Buhrman et al. [1998];
we will prove this statement later during the course (see Theorem 6.14). In terms of
things we have learned so far, we can only show that NEXPNP is not contained in
P/poly.
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Lecture 3

Introduction to Circuit Complexity - Part 2
November 15th, 2012

Lecturer: Gil Cohen Scribe: Anat Ganor, Elazar Goldenberg

3.1 Four Classical Theorems about Circuits

Last time we saw that P ⊂ P/poly. Therefore, one way to prove that P 6= NP is
to show that NP 6⊆ P/poly. One needs to ask whether this is plausible, and indeed,
Karp and Lipton showed that NP 6⊆ P/poly or otherwise the Polynomial Hierarchy
collapses.

Theorem 3.1 (Karp and Lipton [1980]). NP ⊂ P/poly =⇒ PH = Σp
2.

Proof. By Lemma 2.5, to show that PH = Σp
2 , it is enough to show that Πp

2 ⊆ Σp
2 .

Consider the Πp
2-complete language Πp

2SAT consisting of all unquantified Boolean
formulas ϕ ∈ SAT for which the following holds.

∀u1, . . . , un ∃v1, . . . , vm ϕ(u1, . . . , un, v1, . . . , vm) = 1. (3)

Note that ϕ has size poly(n,m). Consider the following quantified Boolean formula

∃C ∈ {0, 1}(n+m)k ∀u ∈ {0, 1}n ϕ(u,C(ϕ, u)) = 1, (4)

where C is interpreted as a “small” circuit (polynomial in the size of ϕ’s description
and n = |u|) that outputs m bits, and C(ϕ, u) is its evaluation on the inputs ϕ and u.
Note that given C, the output of C on inputs ϕ, u can be calculated deterministically
in polynomial time. This means that the language of formulas ϕ for which Equation 4
holds is in Σp

2 . Therefore, in order to prove that Πp
2SAT ∈ Σp

2 , it is enough to prove
that for every unquantified Boolean formula ϕ, Equation 3 holds iff Equation 4 holds.
If NP ⊂ P/poly then there exists a polynomial-size circuit family {Cn}n∈N such that
for every Boolean formula ϕ and every partial assignment u ∈ {0, 1}n to the first n
variables, it holds that C(ϕ, u) = 1 for an appropriate circuit C in the family iff there
exists an assignment v ∈ {0, 1}m to the last m variables such that ϕ(u, v) = 1. An
algorithm that solves SAT (the decision problem) can be converted into an algorithm
that outputs a satisfying assignment whenever one exists. The algorithm that finds
the satisfying assignment, given that such an assignment exists, using the decision
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SAT solver, is in P and can be implemented by a polynomial-size circuit, as P ⊂
P/poly (see Theorem 2.12). Therefore, we obtain from {Cn}n∈N another polynomial-
size circuit family {C ′n}n∈N such that for every unquantified Boolean formula ϕ and
every u ∈ {0, 1}n, if there exists v ∈ {0, 1}m for which ϕ(u, v) = 1, then C ′(ϕ, u)

outputs such a string. This implies that whenever Equation 3 is true, Equation 4
is also true. If Equation 3 is false, then for some u ∈ {0, 1}n there is no string
v ∈ {0, 1}m such that ϕ(u, v) = 1. Therefore, there is no circuit that can output such
a (non-existing) string, and Equation 4 is also false.

Currently, not only we do not know how to show that NP 6⊆ P/poly, but we do
not even know to show that EXP 6⊆ P/poly. Therefore, it is interesting to find out
what can be said if this is not the case. The following theorem shows that P/poly is
unlikely to contain EXP. This theorem appears in Karp and Lipton [1980], but it is
attributed to Albert Meyer.

Theorem 3.2 (Meyer’s Theorem). EXP ⊆ P/poly =⇒ EXP = Σp
2.

In fact, we currently don’t even know that NEXP 6⊆ P/poly, and the consequences
of NEXP ⊂ P/poly are studied in Theorem 7.2 (which, interestingly enough, uses
Theorem 3.2).

Proof of Theorem 3.2. Let L ∈ EXP. Then, there exists a 2n
k-time, oblivious Turing

machineM that computes L, for some constant k ∈ N. Fix an input string x ∈ {0, 1}n
and denote by z1, . . . , z2nk

the snapshots of M running on input x. Assume that M
has t tapes. For an index i ∈ [2n

k
] of a snapshot and for j ∈ [t], consider the location

on the jth tape of the relevant head during the ith snapshot. Let ij be the index
of the snapshot where this location was last updated. Note that we assume M is
oblivious, therefore, the relevant locations of the heads can be computed given i and
do not depend on x. If x ∈ L then for every i ∈ [2n

k
], the indices i, i1, . . . , it and the

snapshots zi, zi1 , . . . , zit should satisfy the following. If i = 2n
k then zi should encode

M outputting 1. Moreover, the value on the jth tape in the location of the relevant
head during the ith snapshot, as written in zij , should be consistent with what is
written in zi. It is easy to see that given x and i, one can, in exponential time,
compute zi. Therefore, as we assume EXP ⊂ P/poly, there exists a polynomial-size
circuit family {Cn}n∈N that given x and i outputs zi. Suppose that the size of Cn is
at most nc for some constant c ∈ N. Then, for every x ∈ {0, 1}n, it holds that

x ∈ L ⇐⇒ ∃C ∈ {0, 1}nc ∀i ∈ {0, 1}nk T (x,C(x, i), C(x, i1), . . . , C(x, it)) = 1,

where T is some polynomial-time Turing machine that checks that the transcript
satisfies all local criteria described above. Note that the binary representation of the
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indices is polynomial in n. This implies that L ∈ Σp
2 , which completes the proof.

Theorem 3.2 implies the following corollary. It shows that even circuit upper bounds
can potentially be used to separate P from NP, as opposed to the lower bound
NP 6⊆ P/poly.

Corollary 3.3. EXP ⊂ P/poly =⇒ P 6= NP.

Proof. Assume towards a contradiction that P = NP and EXP ⊂ P/poly. By
Corollary 2.7, the assumption that P = NP implies that the polynomial hierarchy
collapses, i.e. P = PH. Since EXP ⊂ P/poly, by Theorem 3.2, EXP = Σp

2 ,
and thus, EXP = PH. Therefore, EXP = P, which contradicts the deterministic
polynomial-time hierarchy theorem (see Theorem 1.6).

Proving NP 6⊆ P/poly means that there is L ∈ NP that cannot be computed by a
family of circuits of size nk for every k. A step towards proving this would be to prove
that NP 6⊆ SIZE

(
nk
)
for some constant k > 1. In such case we say that NP does

not have fixed polynomial-size circuits. We currently do not know how to prove even
such claim, however, an analog theorem for the class Σp

2 was proved by Kannan.

Theorem 3.4 (Kannan [1982]). For every k ≥ 1, it holds that Σp
2 6⊆ SIZE

(
nk
)
.

Proof. First we prove the following lemma.

Lemma 3.5. For every k ≥ 1, it holds that Σp
6 6⊆ SIZE

(
nk
)
.

Proof. Fix k ≥ 1. Recall that for every large enough n ≥ n0(k) ∈ N, it holds that
SIZE

(
nk
)
( SIZE

(
4nk
)
(see Theorem 2.11). For every n ≥ n0(k), let Cn be the

first circuit in lexicographic order (according to some reasonable defined encoding)
contained in SIZE

(
4nk
)
\ SIZE

(
nk
)
.

We show that the language Lk = {x : C|x|(x) = 1} is in Σp
6 . Note that in order to

define Lk based on a circuit contained in SIZE
(
4nk
)
\ SIZE

(
nk
)
, we must pick a

specific circuit in this set. That is why we picked the first one, according to some
reasonable defined order. The following proves that Lk ∈ Σp

6 , merely by showing that
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six alternating quantifiers are expressive enough to capture the definition of Lk.

∃C of size at most 4nk

∀C ′ of size at most nk

∃y ∈ {0, 1}n s.t. C(y) 6= C ′(y)

∀C ′′ that precedes C in lexicographic order

∃C ′′′ of size at most nk

∀z ∈ {0, 1}n C ′′(z) = C ′′′(z)

C|x|(x) = 1

Given x of length n, the first three quantifiers make sure that the circuit we simulate
has size at most 4nk, but is not equivalent to any circuit of size at most nk. The
following three quantifiers are responsible for us choosing the first lexicographic such
circuit. The last line simply simulates the unique circuit that answers all criteria.
This can be done in poly(n) time as the circuit has size 4nk, and evaluating a circuit
is done in time linear in its size. All other (somewhat implicit) operations such as
evaluating C and C ′ on y, check the size of the circuits C,C ′, C ′′, etc, can also be
executed in time poly(n).
Note that by playing with the quantifiers we could get the number of alternations
down from 6 to 4.

To complete the proof of Theorem 3.4, note that if NP 6⊆ P/poly we are done.
Otherwise, by Theorem 3.1, Σp

2 = PH. In particular, we get that Σp
6 = Σp

2 and
Lemma 3.5 concludes the proof.

We saw that for every constant k, there exists a language high in Σp
2 that does not

have circuits of size nk. Now we are trying to figure out a language in the (potentially)
smaller class P that does not have small circuits. We show a theorem by Schnorr
[1974] that gives a lower bound of 3n−3 on the circuit size of PARITY on n variables.
This bound is tight. The best known lower bound for a function in P is 5n − o(n),
due to Iwama et al. [2002], using essentially the same method, but in a significantly
more involved manner.
The following theorem uses a technique called gate elimination. Given a circuit for
PARITY on n variables, we induce from it another circuit with exactly 3 gates less
that computes PARITY on n− 1 variables. By continuing this way until we are left
with only 2 input variables and at least 3 gates, we in fact show that the original
circuit must had at least 3n− 3 gates. Note that when an input to a gate is constant
(either 0 or 1), this gate can be removed from the circuit without changing the output
of the circuit.
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Theorem 3.6. Let C be a Boolean circuit that computes PARITY over n variables.
Then, size(C) ≥ 3n− 3.

Proof. We prove the theorem by induction on the number of variables. For n = 2, this
is clear, as the circuit is Boolean and the PARITY function on 2 inputs is different
than AND and OR.
Assume that the claim holds for n − 1, where n > 2, and let C be a circuit that
computes PARITY on n variables, x1, . . . , xn. Let g1 be a gate whose both inputs are
variables and w.l.o.g its inputs are x1, x2.
Suppose that g1 is an ∧ gate (the case where g is an ∨ gate is similar). We construct
a circuit that computes PARITY on n− 1 variables using |C| − 3 gates. Note that

PARITY(x2, . . . , xn) = PARITY(0, x2, . . . , xn).

If both x1 and x2 are not connected to another gate, then when x1 = 0, the output
of C doesn’t depend on x2. Therefore, both of x1, x2 must be connected to another
gate. Denote by g2 6= g1 the gate that x1 is connected to. The output of g1 cannot be
the output of C. Therefore the output of g1 is an input to a gate denoted by g3 6= g1.
We now split the analysis to two cases.

Suppose g2 and g3 are different gates.

When x1 = 0, both g1 and g2 have an input 0, and we can eliminate them from the
circuit. Since, the output of g1 is 0 (recall that g1 is an AND gate), g3 has an input
0, so we can eliminate g3 as well.

Suppose g2 and g3 are the same gate.
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When x1 = 0, the output of g2 = g3 doesn’t depend on x2. Therefore, the output
of g2 = g3 cannot be the output of C and it must be the input to another gate g4.
When x1 = 0, both g1 and g2 = g3 have an input 0, and we can eliminate them from
the circuit. Since, the output of g1 is 0, both inputs to g2 = g3 are 0’s, then also the
output of g2 = g3 is 0. In this case g4 has an input 0, and we can eliminate g4 as
well.

By the gate elimination technique (which was explain right above the proof), the
proof follows.

3.2 Restricted Circuits

As mentioned, our holly grail is to show that NP 6⊆ P/poly. We also discussed the
implications of EXP ⊂ P/poly (see Theorem 3.2). An easier goal is to show that
NEXP 6⊆ P/poly. Unfortunately, the best we know is that MAEXP 6⊆ P/poly, which
we will prove later in the course (see Theorem 6.14). Another natural subgoal would
be to change the right-hand side, that is, understand natural subclasses of P/poly.
We turn to define such subclasses.

Definition 3.7. A language L is in NC0, if there exists a family of Boolean circuits
{Cn}∞n=1, a constant d, and a polynomial p such that:

• size(Cn) ≤ p(n).

• ∀n, depth(Cn) ≤ d.

• The fan-in of the AND,OR gates is 2.

• ∀x C|x|(x) = 1 ⇐⇒ x ∈ L.
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Since each gate has fan-in 2, an NC0 circuit cannot even read the whole input. In
particular,

AND,OR,PARITY,MAJORITY /∈ NC0.

We can only wish that all lower bounds would have been so easy!

Definition 3.8. A language L is in AC0, if there exists a family of circuits {Cn}∞n=1,
a constant d, and a polynomial p such that:

• size(Cn) ≤ p(n).

• ∀n, depth(Cn) ≤ d.

• The fan-in of the AND,OR gates is unbounded.

• ∀x C|x|(x) = 1 ⇐⇒ x ∈ L.
Although it is clear that the AND and OR functions can be computed in AC0 (using
just one gate), it is not at all clear whether PARITY or MAJORITY are in AC0.
We will have to invest some effort to prove that PARITY 6∈ AC0 (see Theorem 4.3).
MAJORITY has the same fate.
We define NCi (ACi) similarly to NC0 (AC0), except that the depth is O(logi n).
Observe that every AND/OR gate with unbounded fan-in can be simulated by a
circuit of polynomial size and depth O(log n) of fan-in 2 AND/OR gates, so ACi ⊆
NCi+1. Thus,

NC0 ⊆ AC0 ⊆ NC1 ⊆ AC1 ⊆ NC2 ⊆ · · · ⊆ P/poly.

Are those containments strict? We do believe it, but our knowledge is very poor.
We do know NC0 ( AC0 (since, e.g., OR ∈ AC0 \ NC0). It is easy to see that
PARITY ∈ NC1. However, we will prove that PARITY /∈ AC0 (see Theorem 4.3).
Therefore, we get AC0 ( NC1. This is all we know in terms of the strictness of the
containments. In this spirit, it is worth mentioning that we don’t even know how to
prove that NC1 6= PH.
The class NC1 is surprisingly strong. It is easy to see that addition of integers
can be computed in NC1. It is somewhat more challenging to show that integer
multiplication can be done in NC1. The fact that division between integers can
computed in NC1 is considered a classical breakthrough, discovered by Beame et al.
[1986]. Later in the course we will see a classical result due to Barrington [1989], that
shows that NC1 is equivalent to another non-uniform class. (Todo: barrington )
We define:

AC =
∞⋃
i=0

ACi , NC =
∞⋃
i=0

NCi.

3–7



The last class we define is ACC0 which is the same as the class AC0 but allowing
also to use counters gates. This class is natural, since PARITY /∈ AC0, and we
would like to extend the model in order that simple functions (as PARITY) could be
implemented with constant depth circuits. The class ACC0(i) is the same class as
AC0 except that we allow MODi gates (MODi(x) = 0 if x1 + · · ·+ x|x| is divided by
i, and is equal to 0 otherwise). Formally, the class ACC0 is defined as:

ACC0 =
⋃

m1,...,mk∈N
ACC0(m1, . . . ,mk).

In the literature our definition for ACC0 is sometime written as ACC because ACCi

for i > 0 hasn’t been studied much.
In order to get some feeling of the above definition we show ACC0(2, 3) = ACC0(6).
Observe that MOD6(x) = 0 iff MOD2(x) = 0 and MOD3(x) = 0, so each MOD6

gate can be implemented by depth-2 circuit with MOD2 and MOD3 gates. The other
direction is also easy, since MOD3(x) = 0 iff MOD6(2x) = 0, a MOD3 gate can be
easily implemented by a MOD6 gate, and similarly MOD2 gate can be implemented
by a MOD6 gate.
Another easy observation is that ACC0 ⊆ NC1. We prove it by translating each
MODi gate into a circuit with log(n)-depth. It is easy to check that the resulting
circuit is indeed in NC1.
Formally, for every constants i, j ∈ N, we define the gate MODi,j(x) = 0 iff x1 + · · ·+
x|x| has residue j in division by i. We prove by induction on n that MODi,j gate can
be computed by a depth O(log n)-circuit. For simplicity we assume n = 2k.
For n = 2, the claim is true. Assume that for every constants i, j ∈ N we have a
circuit of depth O(log n) that computes MODi,j(x) for x of length n. Consider x of
length 2n. It holds that

MODi,j(x) = 1 ⇐⇒
∨

k=0,...,i−1

(MODi,k(x1, . . . , xn) ∧MODi,j−k(xn+1, . . . , x2n)),

where the subtraction j − k is done modulo i. Using this observation it is easy to see
how to build a circuit of depth O(log n) that computes MODi,j(x) for x of length 2n.
Now let us briefly summarize two main results associated with those classes. The
first result is by Razborov [1987] which was later simplified by Smolensky [1987]. The
result shows that PARITY /∈ ACC0(3). In particular, this result reproves the result
of Furst et al. [1984] showing that PARITY /∈ AC0. We prove this in Theorem 4.3
The second result relates to our belief that NP 6⊆ ACC0, which we do not know how
to prove. In fact we are very far from it, since we do not even know how to prove
that EXP 6⊆ ACC0. However, a recent breakthrough by Williams [2011b] shows
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that NEXP 6⊆ ACC0. We make our way into proving this (Todo: add reference to
williams theorem )

3.3 Uniformly Generated Circuits

In some cases one is interested in circuits that can be constructed uniformly, by a
Turing machine. That is, given n as input, the Turing machine should print out the
nth circuit Cn in some family of circuits {Cn}. In such case we say that the family
of circuits {Cn} is uniformly generated. More precisely, if the Turing machine runs
in poly(n)-time, the generated circuit family is called P-uniform. This notion was
introduced by Beame et al. [1986].
Obviously, there is no point talking about families of circuits in P/poly that are
P-uniform. Indeed, the class of languages decided by these families is exactly P.
Nevertheless, there is much interest, for example, in families of circuits of low-depth
(say NC1) that are P-uniform (we believe that P 6= NC1, and even that P 6= NC,
though currently we are unable to separate even PH from NC1).
There are other, stronger notions of uniformity, that is more suitable for small circuits,
such as AC0. In this course however, we will not cover this theory.
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Lecture 4

Razborov-Smolensky Theorem and Algebraic Circuits
November 22nd, 2012

Lecturer: Gil Cohen Scribe: Rani Izsak, Ilan Komargodski

This lecture consists of two main parts. The first is presenting the famous Razborov-
Smolensky Theorem, and the second is an introduction to algebraic circuits.

4.1 Razborov-Smolensky Theorem

In this section we present the Razborov-Smolensky Theorem, which gives a lower
bound related to ACC0 circuits. Our presentation is highly based on the presentation
of Arora and Barak [2009].
We begin by recalling some definitions from the previous lecture. We recall some
definitions related to ACC0 circuits (see also Section 3.2).

Definition 4.1. For any m ∈ N, the MODm gate outputs 0 if the sum of its inputs
is 0 modulo m, and 1 otherwise.

Definition 4.2. Letm1, . . . ,mk ≥ 2 be integers. A language L is in ACC0[m1, . . . ,mk],
if there exists a circuit family computing it, such that:

• The circuits are of polynomial size.

• The circuits are of constant depth.

• The circuits are consisted (only) of the following gates: ¬,∧,∨ and MODm1 ,
. . . , MODmk .

A language L is in ACC0 if it is in ACC0[m1, . . . ,mk] for some k ∈ N ∪ {0} and
integers m1, . . . ,mk ≥ 2. For convenience, we sometimes refer also to circuits as
belonging to ACC0 (meaning, the circuits are restricted as above).

Note that ACC0 is just “AC0 with counters” and that the definitions are actually
identical, except that ACC0 is allowed to have also “counters” (i.e. MOD gates). In
particular, AC0 is completely identical to ACC0[m1, . . . ,mk] for k = 0. Note also
that for any k ∈ N, ACCk is defined analogously to ACk.
As stated before, in this section we present the Razborov-Smolensky Theorem. This
is an impressive lower bound for AC0 circuits extended by any (one) type of MOD

gate (or alternatively, for ACC0 circuits restricted to have only one type of MOD

gate).
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Theorem 4.3 (Razborov [1986]; Smolensky [1987]). Let p, q be distinct (i.e., p 6= q)
primes, such that q 6= 2. Then, it holds that

MODp 6∈ ACC0[q].

We give a proof for the special case of p = 2 and q = 3. That is, we show the
MOD2 function (i.e. the PARITY function) cannot be computed in ACC0[3].∗ The
proof can be generalized to give Theorem 4.3. The proof is by a method known as
the method of approximating polynomials that was originated by Razborov [1986] and
then strengthened by Smolensky [1987].
It is a major open problem whether this lower bound may be extended (or generalized)
to circuits that are allowed to have more than one type of MOD gate.

Proof of Theorem 4.3 for p = 2 and q = 3.
The proof is composed of 2 steps:

Step 1 We show that for every ` ∈ N and any ACC0[3] circuit C with n inputs,
depth d and size s, there exists a polynomial p ∈ F3[x1, . . . , xn] of degree at
most (2`)d which agrees with the output of C on at least 1− s

2`
fraction of the

inputs. If we set 2` = c · n1/2d, where c is a constant smaller than 1, we obtain
a polynomial of degree at most cd

√
n ≤ c

√
n that agrees with C on at least

1− s/(2(1/2)·c·n1/2d
) fraction of the inputs.

Meaning, for any small enough c < 1 and circuit C ∈ ACC0[3] with n inputs,
depth d and size s, there exists a polynomial p ∈ F3[x1, . . . , xn] such that:

• deg(p) ≤ c · √n
• Prx∈{0,1}n [C(x) 6= p(x)] ≤ s

2(1/2)·c·n
1/2d

Step 2 We show that no polynomial in F3[x1, . . . , xn] of degree at most c ·√n agrees
with MOD2 (i.e. PARITY) on more than 49

50
fraction of the inputs.

Meaning, for every polynomial p : Fn3 → F3 of degree at most c · √n, it holds
that

Pr
x∼{0,1}n

[p(x) 6= MOD2(x)] >
1

50
.

Together, the two steps imply that for any depth d circuit computing MOD2, its size
s must be exponential in n

1
2d , thus proving the theorem.

We turn to the proof of both steps.
∗ Indeed, we defined ACC0 in terms of languages and MOD2 is a function, not a language...

However, it is straightforward to define a language for any Boolean function.
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Step 1 Let ` ∈ N and let C be an ACC0[3] circuit with n inputs, depth d and size
s. We show how to construct a polynomial in F3[x1, . . . , xn] that agrees with C
on at least 1− s

2`
fraction of the inputs in {0, 1}n.. We denote the elements of

the field F3 by {−1, 1, 0}. Since we only care about agreement with C, whose
output is Boolean, we only care about the output of the polynomial over the
Boolean cube.

The proof is by induction on the depth d of the circuit. For d = 0, we simply
have for an input xi, the polynomial xi. Correctness is straightforward. For
d = d′ > 0, we apply the theorem by induction for any 0 < d < d′ and show
how to extend it for a gate g at height d′. We separate the proof by the possible
types of g:

¬ gate: Let gd′−1 be the gate that its output is the input of g. Then, by the
induction hypothesis, we have an approximator g̃d′−1 ∈ F3[x1, . . . , xn] for
the original circuit whose output gate is gd′−1. We may use it and have
g̃ = 1− g̃d′−1 as an approximator for g. Note that this introduces neither
new error nor higher degree. By no error we mean that if on input x the
original polynomial g̃d′−1(x) agreed with the output of the circuit without
the ¬ gate, then g̃(x) will necessarily agree with the output of the circuit
with the ¬ gate.

MOD3 gate: Let g1
d′−1, . . . , g

k
d′−1 be the gates that their output is an input of

g. Let g̃1
d′−1, . . . , g̃

k
d′−1 be their respective appoximators. Since we have

assumed we are dealing only with Boolean inputs, we may have the ap-

proximator
(∑k

i=1 g̃
i
d′−1

)2

. This introduces no new error and it obeys the
requirement of Theorem 4.3, with respect to the degree, since by the in-
duction hypothesis, each approximator g̃id′−1 has degree at most (2`)(d′−1)

and then we have degree at most 2 · (2`)d′−1 ≤ (2`)d
′ , as desired.

∨ gate: Let g1
d′−1, . . . , g

k
d′−1 be the gates that their output is an input of g.

Let g̃1
d′−1, . . . , g̃

k
d′−1 be their respective approximators. Firstly, note that

the naive approach, of using the polynomial 1 − ∏k
i=1(1 − g̃id′−1) as an

approximator, does not work, since the degree of the approximator may
be (much) too large. We show another approach that does work. We
randomly pick ` subsets of indices of the inputs of g: S1, . . . , S`. Each
such subset contains each index with probability exactly 1

2
, independently.

We then compute for each subset Si the polynomial pSi =
(∑

j∈Si g̃
j
d′−1

)2

.
Finally, we compute the ∨ of these ` terms, using the naive approach (i.e.,
we composite these polynomials with the polynomial that naively computes
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∨). It is straightforward to verify that the degree requirement is obeyed
(since deg(p) ≤ `·maxi∈[`] deg(pSi) ≤ `·2(2`)d−1 = (2`)d), but this solution,
not surprisingly, introduces some new error. Additionally, we would like to
have an explicit polynomial (a polynomial cannot flip coins...). We bound
the error and then get rid of the randomness (that is, derandomize the
construction).

Bounding the error: We firstly show that the probability of error for a
single choice of indices Si is bounded by 1

2
. Notice that the output

of an ∨ gate is 1 if and only if at least one of the inputs is 1. Hence
if the output of the ∨ gate is 0, it is straightforward to see that the
approximator gives 0, as well, regardless of the random choices. For
output 1, all we need to show is that with probability at least 1

2
it

holds that
∑

j∈Si g̃
j
d′−1 is either -1 or 1. Let klast be the index of the

last 1 in the inputs of the ∨ gate. Consider the partial list of indices
1, . . . , klast − 1. We separate to cases (again):∨klast−1

i=1 gi
d′−1 = 0: If klast is chosen to Si, we have overall sum of 1,

and thus we are fine with probability 1
2
, in this case.∨klast−1

i=1 gi
d′−1 = 1: We are fine in any case; if klast is not chosen to

Si, the 1 remains; otherwise, we have -1, which is fine, as well.∨klast−1
i=1 gi

d′−1 = −1: We are fine if klast is not chosen to Si (analo-
gously to the case of partial sum 0), and thus, again, we are fine
with probability 1

2
.

Since the subsets S1, . . . , S` are chosen independently, the error of the
computation of the ∨ gate is at most 1/2`, as desired.

Getting rid of the randomness: We have shown thus far that for any
input (for which the inputs to the gate are all correct) the probability
of error, over the random choices of the subsets S1, . . . , S` is bounded
by 1/2`. If we show the statement with reversed quantifiers, i.e. that
there exist subsets S1, . . . , S` such that the probability of error over
the inputs is bounded by 1/2`, we are done, since we may simply plug
in these subsets into the construction. The latter is true, by just
averaging over all inputs and choises of S1, . . . , S` (this is a simple
application of the the probabilistic method). Note, however, that
using the last argument makes the proof non constructive. That is,
it does not give us an efficient way to find these subsets S1, . . . , S` in
order to construct the polynomial that is proved to exist.

∧ gate: The approximator polynomial for ∧ gates may be concluded by using
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the argument for ∨ gates together with De Morgan’s laws.

Since there are s gates in the circuit C, and since our maximal possible proba-
bility of error, for any gate, is 1/2`, we have by the union bound that the overall
probability of error is at most s/2`.

This concludes the proof of Step 1.

Step 2 We now show the correlation proved to exist in Step 1 does not hold for
MOD2 (PARITY). Formally speaking, let f ∈ F3[x1, . . . , xn] be a polynomial
of degree bounded by c · √n and let G′ = {x ∈ {0, 1}n : f(x) = MOD2(x)} be
a set. We show that for an appropriate choice of c, |G′| <

(
49
50

)
2n. Firstly, we

change our groundset to be {−1, 1}, i.e., we define for any input variable xi,
another, transformed, input variable yi = xi + 1(mod 3). That is, 0 becomes 1
and 1 becomes -1. Let G ⊆ {−1, 1}n be the output of the transformation on
the input variables G′ ⊆ {0, 1}n, and let g be the transformed polynomial (i.e.
the polynomial defined as f defined, but on the yis). Then, |G| = |G′| and the
degree of g has not been changed (as we only conducted a linear transformation),
and in particular has not exceeded c · √n. This means, we may now show the
desired claim using G and g. Let’s see how does MOD2 looks like with respect
to the transformation:

MOD2(x1, . . . , xn) =

{
1 ⇐⇒ ∏n

i=1 yi = −1

0 ⇐⇒ ∏n
i=1 yi = 1

Intuitively, all we should now show is that any degree c ·√n polynomial cannot
approximate well the polynomial above, which is of degree n (this seems very
reasonable...). Formally speaking, let FG be the set of all possible functions fG :

G→ {0, 1,−1}. We show that |FG| ≤ 3( 49
50)2n which concludes Step 2, since (of

course) |FG| = 3|G|. For this, we do another (last!∗) transformation. We show
that for any function fG ∈ FG there exists another polynomial gG : Fn3 → F3

with monomials of degree bounded by n
2

+ c · √n, totally agreeing with it on
G. Then, finally, we just bound the possible number of the latter polynomials,
concluding the desired. Let fG ∈ FG.

Transforming to gG: Of course, there exists some (non further restricted)
polynomial g′G : Fn3 → F3 (totally) agreeing with fG on G. Since G ⊆ {−1, 1}n,
for any input yi, we have y2

i = 1, and therefore, any exponent may be reduced by
∗but composed of (simple) sub-transformations...
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any even number. In particular, this means g′G may be transformed to another
polynomial which is multi-linear (i.e. without any exponent greater than 1). To
finish the transformation, we just need to show the existence of a polynomial
that does not have large degree monomials, that still agree with fG on G. Let∏

i∈I yi be one of the monomials with |I| > n
2
. Denote Ī = [n]\I. We transform

this monomial to:
n∏
i=1

yi
∏
i∈Ī

yi = g(y1, . . . , yn) ·
∏
i∈Ī

yi .
∗

which has degree at most n
2

+ c · √n (note that this is no longer a monomial,
but rather a polynomial). This is correct since by our assumption for Step 2,
g has degree at most c · √n, and since

∏
i∈Ī yi has degree strictly less than n

2

(since |I| > n
2
, by our assumption for this specific monomial). This gives the

desired properties of the transformation.

It is now only left to bound the possible number of polynomials with degrees of
all monomials bounded by n

2
+ c · √n. It is straightforward that this number is

bounded by:

3(number of monomials with degree at most n
2

+c·√n)

(since any monomial may appear with coefficient 0 (i.e., to not appear), 1 or -1).
The number of monomials with degree at most n

2
+ c · √n is bounded by:

n
2

+c·√n∑
d=0

(
n

d

)

which is upper bounded by
(

49
50

)
2n, for some constant c by bounds on the tails

of the binomial distribution. This concludes the proof of Step 2.

The proof of Theorem 4.3 is concluded from steps 1 and 2.

4.2 Introduction to Algebraic Circuits

We firstly define the basic notions, following Arora and Barak [2009]. In general, an
algebraic circuit computes a polynomial over a field F. The following definition is
almost exactly as the definition of Boolean circuits in Section 2.2:
∗Note that this equality only holds over the Boolean cube.
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Definition 4.4. An n-input algebraic circuit is a directed acyclic graph with n sources
and one sink. All non-source vertices are called gates and are labeled with one of
{+,×}. In this lecture we consider gates with fan-in 2.

Definition 4.5. A polynomial P over a field F is the (identically) zero polynomial if
all its coefficients are 0.

4.2.1 The Determinant and Permanent Polynomials

In this section we introduce the Determinant and Permanent polynomials.

Definition 4.6. The determinant of an n× n matrix X = (Xij) is defined as

Det(X)
def
=
∑
σ∈Sn

(−1)sign(σ)

n∏
i=1

xiσ(i),

where Sn is the set of all n! permutations on {1, 2, . . . , n}.
The determinant of an n × n matrix X = (Xij) can be computed using the familiar
Gaussian elimination algorithm. This algorithm uses at most O(n3) addition and
multiplication operations and thus one obtains an arithmetic circuit of size O(n3).
The (famous) determinant polynomial is a nice example for the fact that a polynomial
may generally have exponentially many monomials (in this case n!), but nevertheless,
be computable by a family of polynomial-size circuits.
The determinant polynomial is a complete problem for the class VP (also known as
AlgP/poly), defined as follows:

Definition 4.7 (VP, Informal). VP is the class of polynomials f of polynomial
degree that have polynomial size algebraic circuits computing them.

For a formal definition, see for example Arora and Barak [2009].

Definition 4.8. The permanent of an n× n matrix X = (Xij) is defined as

Perm(X)
def
=
∑
σ∈Sn

n∏
i=1

xiσ(i),

where Sn is the set of all n! permutations on {1, 2, . . . , n}.
The permanent polynomial that, at first sight, seems to be very similar to the deter-
minant, is conjectured to be much harder to compute. In particular, it is conjectured
that there is no family of circuits of polynomial size that computes it. The permanent
polynomial is a complete problem for the class VNP (also known as AlgNP/poly)
Valiant [1979b]:
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Definition 4.9 (VNP, Informal). VNP is a complexity class of polynomials such
that the coefficient of any given monomial can be computed efficiently (i.e. by a
polynomial size algebraic circuit).

For a formal definition, see for example Arora and Barak [2009].

4.2.2 Bipartite Matching and the Determinant

This section is partially based on lecture notes of Rubinfeld [2006]. Let’s consider the
following motivating decision problem.

Problem 1. Given a bipartite graph G = (V ∪ U,E), does a perfect matching exist?

We show an algorithm for this problem that does not rely on network flows, but
instead uses algebraic circuits.
Let G = (V ∪ U,E) be a bipartite graph. We construct the matrix AG = [aij]

(Edmonds matrix. See e.g., Motwani and Raghavan [1995]), where aij gets some free
variable Xij if (i, j) ∈ E, and aij = 0 otherwise. We prove the following theorem.

Theorem 4.10. Given a bipartite graph G = (V ∪ U,E), G has a perfect matching
if and only if Det(AG) 6= 0.

Proof. Recall that

Det(AG) =
∑
σ∈Sn

(−1)sign(σ)

n∏
i=1

xiσ(i).

Observe that each permutation σ corresponds to a possible perfect matching (and
vice-versa). The product

∏n
i=1 xiσ(i) will be non-zero if and only if ∀i∈[n] : (vi, vσ(i)) ∈

E. In this case, σ corresponds to a perfect matching in G. The polynomial Det(AG)

is non zero if and only if any term in the determinant is non zero (notice that there
are no cancellations since every term corresponds to a different monomial that differs
in at least one variable).

In other words, in order to check whether there is a perfect matching in G, all we
need to do is to check if Det(AG) is the (identically) zero polynomial. This problem
is reducible to a problem known as Polynomial Identity Testing (henceforth PIT):

Problem 2 (PIT). Given two polynomials P and Q, is it true that P ≡ Q?

A straightforward way to solve this problem is just by expanding P and Q and
comparing their coefficients (one by one). However, these expansions may result in
exponentially many terms which, in turn, result in an inefficient algorithm.
We show an alternative algorithm solving this problem in polynomial time, but using
randomness. The algorithm we present actually checks whether a polynomial is the
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zero polynomial. Since for any polynomials P and Q, P ≡ Q if and only if P −
Q ≡ 0, this algorithm solves (also) Problem 2. This algorithm may work for any
representation of the polynomial as long as we have an efficient algorithm evaluating
it at any input point x. That is, since there exists a family of polynomial-size circuits
computing the determinant of a given matrix, we may use the algorithm we show
below, in order to solve Problem 1, as well.

Algorithm 11. For an input polynomial (over Z)∗ of degree d, choose integer ran-
dom variables in the range [10d], and then evaluate the polynomial on these points.
Return TRUE if and only if all the evaluations result with 0 value.†

The analysis of Algorithm 11 follows, straightforwardly, from a lemma known as the
Scwartz-Zippel Lemma:

Lemma 4.12 (Zippel [1979]; Schwartz [1980]). Let p ∈ Z[x1, x2, . . . , xn] be a non-zero
polynomial of degree d. Then, it holds that

∀S ⊆ Z : Pr
r1,...,rn∈RS

[p(r1, . . . , rn) = 0] ≤ d

|S| .

Note that it is not known whether Algorithm 11 may be derandomized. Moreover, it
is not known at all whether PIT may be solved deterministically in polynomial time;
in fact it is a major open problem:

Open Problem 1. Does there exist a deterministic polynomial time algorithm solving
PIT?

∗Algebraic circuits are interesting over any field, in particular over the ring of integers Z. In
addition, we note that a similar technique works for finite fields.
†A circuit of size s might compute a polynomial of degree 2s and thus the numbers that can

be computed along the way could get as high as (2s)2
s

, and so just representing this numbers will
require exponential number of bits in the input length. One solution to this problem, roughly, is to
do all the computation modulo a randomly chosen prime.
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Lecture 5

Randomization in Computation
November 29th, 2012

Lecturer: Gil Cohen Scribe: Inbal Livni, Shani Nitzan

5.1 Complexity Classes for Randomized Computa-
tion

In this lecture we define a probabilistic Turing machine, and complexity classes re-
lated to it, and then talk about the relations of probabilistic complexity classes to
other classes. Afterwards, we will derandomize a simple algorithm, and discuss de-
randomization in a more general form.

Definition 5.1. A Probabilistic Turing Machine is a Turing machine that has an
additional state, qsample. If the machine is in state qsample the next state will be either
q0 or q1, with probability 1

2
for each state.

Note: an equivalent definition is a Turing machine that has an additional tape, with
random bits on it. This tape is read only and the machine can only go forward on it.
We now define complexity classes that capture randomized computation. The first
is analog to DTIME (·) and the second to P. The initials BP in both definitions
stands for “Bounded Probabilistic”, as the probability of error is bounded.

Definition 5.2. Let T : N→ N. L ∈ BPTIME (T (n)) if there exists a probabilistic
Turing machine M that halts within O(T (n)) steps on input of size n, such that

• ∀x ∈ L, Pr [M(x) = 1] ≥ 2
3

• ∀x /∈ L, Pr [M(x) = 1] ≤ 1
3
,

where the probability is over the random bits of the Turing machine, and not over
the inputs.

Definition 5.3. BPP =
⋃
c≥1 BPTIME (nc)

Notice that P ⊆ BPP. The class BPP arguably models efficient computation better
than P, as random bits can be efficiently obtained in the real world (unlike, say,
nondeterminism). This is supported by the tendency of researchers in algorithms to
settle for randomized algorithms for all practical purposes.
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It is not known whether P is strictly contained in BPP. An immediate upper bound
on efficient randomized computation is given by BPP ⊆ PSPACE. To see this,
notice that when fixing the random string in a BPP algorithm, the randomized
algorithm is in fact a polynomial-time deterministic algorithm. One can reuse the
same space in order to simulate this deterministic algorithm for every possible random
string, and count for how many random strings the computation ends in the accepting
state. Since the length of the random strings is polynomial (as it is bounded by the
running time), the counter will count only to something exponential in the input
length, which requires only polynomial space.
The tradeoff between efficient randomized computation and efficient verification (that
is, nondeterminism) is much less understood. That is, the relation between BPP and
NP is not known. Nevertheless, going up one level in the Polynomial Hierarchy, we
have the following result.

Theorem 5.4 (Sipser [1983]). BPP ⊆ Σp
2 ∩Πp

2

The proof of this theorem was scribed by Avishay Tal, following the proof in Arora
and Barak [2009], Chapter 7.

Proof. Since BPP is closed under complement, it is enough to show BPP ⊆ Σp
2 .

Suppose L ∈ BPP. Then using repetition (see Lemma 5.6), there exists a polynomial
time randomized Turing machine M such that

x ∈ L⇒ Pr
r

[M(x, r) accept] > 1− 2−2n

x /∈ L⇒ Pr
r

[M(x, r) accept] < 2−2n

Let m = poly(n) be the number of random bits M uses. Consider the set Sx of all
random strings ∈ {0, 1}m for which x ∈ {0, 1}n is accepted. We have a dichotomy:
if x /∈ L then |Sx| ≤ 2m−2n, while if x ∈ L then |Sx| ≥ 2m · (1 − 2−2n). For a vector
u ∈ Fm2 and a set S ⊆ Fm2 define the shift of S by u as

u+ S = {u+ s : s ∈ S},

where addition is vector addition over Fm2 (i.e. bitwise XOR). We claim the following
lemma

Lemma 5.5. For k = dm/ne, x ∈ L iff there exist u1, . . . , uk ∈ Fm2 such that⋃k
i=1 (ui + Sx) = Fm2 .
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Proof. For x /∈ L, we know that Sx is small, and thus for any k vectors u1, . . . , uk ∈
Fm2 : ∣∣∣∣∣

k⋃
i=1

ui + Sx

∣∣∣∣∣ ≤ k · |Sx| ≤ k · 2m−2n < 2m

for n large enough.
For x ∈ L, we will use the probabilistic method to show the existence of vec-
tors u1, . . . , uk ∈ Fm2 such that

⋃k
i=1 ui + Sx = Fm2 . Choose uniformly at random

u1, . . . , uk ∈ Fm2 . What is the probability that a certain element y ∈ Fm2 is not cov-
ered by

⋃k
i=1 ui + Sx? The probability that y is not covered by one shift, y /∈ ui +Sx,

is exactly the probability that y + ui /∈ Sx. Since y + ui is a uniformly random
vector in Fm2 , this probability is exactly 1 − |Sx|/2m. Since u1, u2, . . . , uk are chosen
independently:

Pr[y is not covered] = (1− |Sx|/2m)k ≤ (2−2n)m/n = 2−2m .

By union bound

Pr[∃y which is not covered] ≤ 2m · 2−2m ≤ 2−m .

Thus, most choices of u1, . . . , uk give
⋃k
i=1 ui + Sx = Fm2 .

We return to the proof of the claim. Using Lemma 5.5 we know

x ∈ L⇔ ∃u1, . . . , uk ∈ {0, 1}m
k⋃
i=1

ui + Sx = Fm2 .

We can write this equivalently as

x ∈ L⇔ ∃u1, . . . , uk ∈ {0, 1}m ∀y ∈ {0, 1}m
k∨
i=1

M(x, y + ui) .

As the inner expression
∨k
i=1M(x, y + ui) can be computed by a polynomial time

Turing machine, and all strings in the quantifiers are of length poly(n) this shows
that L ∈ Σp

2 .

The lack of understanding regarding the tradeoff between randomization and nonde-
terminism is also given by the following major open problem:
Open Problem 2. Prove that BPP is strictly contained in NEXP.
We now turn to discuss the tradeoff between randomization and non-uniformity. For
that we will need the following lemma, which shows that the constants 1

3
and 2

3
in
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the definition of BPP are arbitrary. In fact, even when replacing them with an
exponentially vanishing quantities, the class BPP remains as is.

Lemma 5.6. For any L ∈ BPP and any constant c > 0, there exists a probabilistic
Turing machine M that on input x runs in polynomial time in |x|, and fails with
probability less than 2−c·|x|.

Proof. Let L ∈ BPP. There exists a probabilistic Turing machine M , that runs in
polynomial time, such that

∀x ∈ L,Pr[M(x) = 1] ≥ 2

3
,

and
∀x /∈ L,Pr[M(x) = 1] ≤ 1

3
.

The proof idea is as follows. Given M,x one can think of M(x) as a random variable
that can be sampled efficiently (as the running time of M on x is polynomial in |x|).
If M accepts x this random variable has high expectation (at least 2

3
), whereas if

M rejects x, the random variable M(x) has low expectation (at most 1
3
). We now

show that a polynomial number of samples of M(x) is enough to approximate the
expectation of M(x) to within, say 1/10, with probability 2−c·|x|.
We now make it formal. We construct a probabilistic Turing machineM ′ that on input
x, will estimate E[M(x)] = Pr [M(x) = 1]. M ′ will simulate m times independently
M on x, and calculate the ratio of acceptance, denoted by

A =
number of runs in which M accepts

m
.

M ′ will accept if A ≥ 2
3
− 1

10
. To calculate M ′ probability of mistake, denote by Ai

the random variable M(x) on the i’th run. Using this notation, A = 1
m
·∑n

i=1Ai. By
linearity of expectation, we have that E[A|x ∈ L] ≥ 2

3
, and E[A|x 6∈ L] ≤ 1

3
.

The expectation of E[A|x ∈ L] and E[A|x /∈ L] are far away, which makes it possible
to distinguish between the two cases with high probability. M ′ is mistaken only when
A differs from its expectation in at leastm/10. Since the simulations are independent,
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we can bound the probability for error by Chernoff’s inequality.

Pr [M ′(x) = 0|x ∈ L] = Pr

[
A <

2

3
− 1

10

∣∣∣∣x ∈ L]
≤ Pr

[
A− E[A] ≤ − 1

10

]
= Pr

[
1

m
·
m∑
i=1

Ai − E
[

1

m
·
m∑
i=1

Ai

]
≤ − 1

10

]

= Pr

[
m∑
i=1

Ai − E
[

m∑
i=1

Ai

]
≤ − 1

10
m

]
≤ e−2( 1

10
m)

2 1
m

= e−
1
50
m,

and similarly

Pr [M ′(x) = 1|x /∈ L] = Pr

[
A ≥ 2

3
− 1

10

∣∣∣∣x /∈ L]
= Pr

[
A− E[A] ≥ 7

30

]
= Pr

[
1

m
·
m∑
i=1

Ai − E
[

1

m
·
m∑
i=1

Ai

]
≥ 7

30

]

= Pr

[
m∑
i=1

Ai − E
[

m∑
i=1

Ai

]
≥ 7

30
m

]
≤ e−2( 7

30
m)

2 1
m

≤ e−
1
50
m.

We conclude the proof by choosing the minimal m such that e−
1
50
m ≤ 2−c·n. Note

that m = O(n), which concludes the proof.

We can now show that non-uniformity is, in some sense, stronger than randomization.

Theorem 5.7 (Adleman [1978]). BPP ⊆ P/poly
∗

Proof. L ∈ BPP. By Lemma 5.6 there exists a polynomial probabilistic Turing ma-
chineM , that has a probability of error less than 2−(n+1). Let tn, which is polynomial
in n, be the maximal number of random bits thatM uses, running on inputs of length
∗The inclusion is in fact strict as non-uniformity can compute undecidable languages.
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n. Denote by Mr(x) the result of M on x, using the string r as the random string.
As before, Mr is a deterministic Turing machine. Since the probability of error is less
than 2−(n+1), for any x of length n,∣∣{r ∈ {0, 1}tn|Mr(x) is wrong

}∣∣ ≤ 2−(n+1) · 2tn .

Taking the union bound of these sets for all x ∈ {0, 1}n∣∣{r ∈ {0, 1}tn|∃x ∈ {0, 1}n, such that Mr(x) is wrong
}∣∣ ≤ 2n · 2−(n+1) · 2tn = 2tn−1.

Meaning that there are at least 2tn−1 random strings that when M uses them on any
input of length n the result is correct. For any n, let rn be such string. The family of
deterministic Turing machines {Mrn}∞n=1 never wrong, and runs in polynomial time.
From the proof of P ⊆ P/poly (see Theorem 2.12), for any polynomial-time Turing
machine there exists a polynomial size circuit Cn such that Cn(x) = Mrn(x). This
concludes the proof.

We postponed the perhaps most natural question of all - does randomization con-
tributes to efficient computation? In other words, does P strictly contained in BPP?
There are examples of computational problems that we do know how to solve ef-
ficiently with randomness and don’t know how to efficiently solve without. One
prominent example would be the PIT problem, introduced in the previous lecture. At
the early days, the answer to this question wasn’t clear, and people might had the
tendency to think that the containment is strict.
Nowadays, it is believed that P = BPP, and thus, randomization is, in some sense, an
algorithmic design tool - it doesn’t believed to add to computational power, but it is
certainly a helpful way of thinking of solutions to computational problems. Moreover,
even in cases where we do have deterministic algorithms, it is quite common that
randomized algorithms are simpler and faster.
How would one prove that P = BPP? The key idea is to “convert” an efficient
randomized algorithm to a deterministic one by exploiting the fact that the algorithm
is efficient, and thus, may not have enough time to “appreciate” the purely random
string we feed to it. Thus, the conversion is done by replacing the completely random
string with a “pseudorandom string” - a string that looks random to an efficient
algorithm. The hope is that the sample space of pseudorandom strings has small
support, and thus, one can simulate the algorithm on all pseudorandom strings, and
answer according to the majority. This procedure, which is called derandomization
might seem a bit abstract, thus we find it helpful to start with an example. In the
next section we derandomize one simple efficient algorithm. After all, if you want to
derandomize all efficient algorithms, it is wise to start with a simple one.

5–6



5.2 Small-Bias Sets

The algorithm below is an example of an algorithm that we know how to derandomize
using a sample space with support that has a polynomial size. This algorithm is given
x ∈ {0, 1}n as input, and it returns a parity of a random subset of x’s bits.
Random Parity Algorithm: On input x ∈ {0, 1}n:

1. Sample n random bits, y ∼ {0, 1}n.

2. Return < x, y >=
∑n

i=1 xiyi (mod 2).

Although this algorithm might look like an odd “toy example”, its pseudorandom
sample space is extremely important and central in theoretical computer science,
with overwhelming range of applications!
Denote the algorithm as A. The returned value of this algorithm, for every x 6= 0,
satisfies Pr[A(x) = 1] = 1

2
, because y is chosen uniformly at random. In other words,

the bias of A(x), which equals to |Ey
[
(−1)A(x)

]
| is 0 for every input x 6= 0.

One can prove (this is not hard) that the only way to get a zero bias for any non-zero
input will require sampling a completely uniform string y ∼ {0, 1}n. Therefore, our
goal is to find an algorithm, that chooses y from a polynomial size set S ⊂ {0, 1}n,
and gives a bias close to 0.

Definition 5.8 (Naor and Naor [1990]). A set ∗ S ⊂ {0, 1}n is called ε-biased, if
∀x ∈ {0, 1}n such that x 6= 0, |Ey∼S [(−1)<x,y>]| ≤ ε.

We know that ∃S, |S| = O
(
n
ε2

)
, that is an ε-biased set, but we do not know how

to compute such a set efficiently given n, ε. We can prove that such an S exists
by a probabilistic argument. Let S be the multiset {y1, . . . , yk}, a random subset of
{0, 1}n where each yi is sampled uniformly and independently (so it’s possible to have
repetitions). For input x ∈ {0, 1}n, define the random variables Ij,x =< x, yj > and
Ux =

∑k
j=1 Ij,x (where the sum is not modulo 2).

Using these variables

|Ey∼S
[
(−1)A(x)

]
| < ε ⇐⇒ Ux ∈

[
(1− ε) · k

2
, (1 + ε) · k

2

]
.

By linearity of expectation,

E[Ux] =
k∑
j=1

E[Ij,x] =
k∑
j=1

1

2
=
k

2
.

∗In fact S might be a multi-set as it is the support of some sample space. Still, the term “Small-
Bias Set” is somewhat more common than “Small-Bias Sample Space”
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Therefore, by Chernoff bound,

Pr

[
|Ux − E[Ux]| ≥

k

2
· ε
]
≤ 2 · e−2·(

k
2 ·ε)

2

k = 2 · e− kε
2

2 .

By union bound,

Pr

[
∃x, |Ux − E[Ux]| ≥

k

2
· ε
]
≤ 2n · 2 · e− kε

2

2 .

For k ≥ 5n
ε2
, the expression 2n · 2 · e− kε

2

2 < 1. This means that the probability of this
“bad event” is smaller than 1, and therefore there exists an S which is ε-biased with
size O(n/ε2).
In their seminal paper, Naor and Naor [1990] not only defined small-bias sets, but
also constructed such sets with size O(n/εc), for some constant c ≥ 3. We present
an alternative construction (incomparable in terms of size) called “The Powering
Construction”.

Theorem 5.9 (Alon et al. [1992]). There exists an explicit construction of an ε-biased
set S such that |S| = O

((
n
ε

)2
)
.

Proof. This construction uses the fact that F2m is isomorphic to Fm2 , where F2m is the
field with 2m elements, and Fm2 is the vector space of dimension m over F2, the field
of 2 elements.
We define

S =
{
Sa,b|a, b ∈ F2m , (Sa,b)i =< ai, b >

}
.

Meaning, every element in S is indexed by two field elements, a, b ∈ F2m , and |S| =

2m ·2m = 22m. We need to find anm = m(n, ε) such that S will be an ε-biased set. For
every x 6= 0, we want to find an upper bound on

∣∣Ea,b∈F2m (−1)<x,Sa,b>
∣∣. To do this,

we bound the difference between the number of Sa,b such that < x, Sa,b >= 1, and
those that give < x, Sa,b >= 0. Notice, that when calculating ai, a is treated as an
element in F2m (hence the name “The Powering Construction”), and when calculating
the inner product, ai and b are both treated as vectors in Fm2 .
By the linearity of inner product,

< x, Sa,b >=
n∑
i=1

xi (Sa,b)i =
n∑
i=1

xi < ai, b >=

〈
n∑
i=1

xia
i, b

〉
.

For every x ∈ {0, 1}n, define the polynomial px(y) =
∑n

i=1 xi · yi (xi are the coeffi-
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cients). For a fixed a which is a root of px, px(a) = 0, and for every b ∈ F2m ,

< x, Sa,b >=

〈
n∑
i=1

xia
i, b

〉
= 〈px(a), b〉 = 〈0, b〉 = 0,

and thus, for such a, ∣∣∣∣∣
{
b ∈ F2m

∣∣∣∣∣
〈

n∑
i=1

xia
i, b

〉
= 0

}∣∣∣∣∣ = 2m.

For a fixed a which is not a root of px,
∑n

i=1 xia
i = px(a) is a non-zero field element

and therefore a non-zero vector, and so∣∣∣∣∣
{
b ∈ F2m

∣∣∣∣∣
〈

n∑
i=1

xia
i, b

〉
= 0

}∣∣∣∣∣ =

∣∣∣∣∣
{
b ∈ F2m

∣∣∣∣∣
〈

n∑
i=1

xia
i, b

〉
= 1

}∣∣∣∣∣ = 2m−1.

For such a, the number of Sa,b’s such that < x, Sa,b >= 1 equals to the number of
Sa,b’s such that < x, Sa,b >= 0. This means that the only difference will be from an
a which is a root of px. px is a polynomial of degree at most n, so it has at most n
roots. Hence, ∣∣∣Ea,b∈F2m [(−1)〈x,Sa,b〉

]∣∣∣ ≤ 2m · n
22m

=
n

2m
.

To find the right m(n, ε), m needs to satisfy n
2m
≤ ε, meaning m ≥ log n

ε
. For this m,

|S| = 22m = O
((

n
ε

)2
)
.

The above theorem states that there are near-optimal small-bias sets that can be
computed in P. It is interesting to add that in fact, near-optimal small-bias sets can
even be computed in uniformly generated (see Section 3.3) ACC0[2], that is, in AC0

circuits with PARITY gates. Such circuits, in fact, can preform impressive powerful
tasks (see Healy [2006]).

5.3 Pseudorandom Generators

Now we are heading towards a PRG for any polynomial-time algorithm, as apposed
to the “example” in the previous section.

Definition 5.10. For S : N→ N, a function G : {0, 1}∗ → {0, 1}∗ is called S-pseudo
random generator, if

1. |G(z)| = S (|z|), for any z ∈ {0, 1}∗.
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2. G on input of length ` runs for 2O(`) steps.

3. For U` (a uniform random string of length `) and any circuit C of size O (S(`)3),∣∣Pr
[
C
(
US(`)

)
= 1
]
− Pr [C (G (U`)) = 1]

∣∣ ≤ 1
10
.

Theorem 5.11. If there exists an S-pseudo random generator then BPTIME (S(`)) ⊆
DTIME

(
2O(`)

)
.

Example: If there exists an exp(`)-pseudo random generator then BPP = P. How-
ever, a more modest pseudo random generator will still give some non-trivial result.
For example, if there exist an exp(`ε)-pseudo random generator for some constant ε
this gives a deterministic simulation of BPP in exp(logc n) for some constant c = c(ε).

Proof. Let L be a language that is determined by the random Turing machine M
with running time S(`), on input of length `. Let r ∈ {0, 1}S(`) be the random bits
that M uses. If G can be used to derandomize the pseudo-random generator then
the proof is done. If not, this can be used to create circuits that will contradict G as
a pseudo-random generator.
If G satisfies the following:∣∣∣∣ Pr

r∈{0,1}S(`)
[Mr(x) = 1]− Pr

z∈{0,1}`
[MG(z)(x) = 1]

∣∣∣∣ ≤ 1

10

We can use G to derandomize M :
Let M ′ be a deterministic Turing machine. For every z ∈ {0, 1}`, M ′ simulates
MG(z)(x) and decides by the majority. M ′ will be correct on all input x, for each
x ∈ L:

Pr
r∈{0,1}S(`)

[Mr(x) = 1] ≥ 2

3

Pr
z∈{0,1}`

[
MG(z)(x) = 1

]
≥ 2

3
− 1

10
=

17

30

And for each x /∈ L :
Pr

r∈{0,1}S(`)
[Mr(x) = 1] ≤ 1

3

Pr
z∈{0,1}`

[
MG(z)(x) = 1

]
≤ 1

3
+

1

10
=

13

30

The runtime will be S(`) · 2`, which is 2O(`) (because S(`) = 2O(`)).
If G does not satisfies the previous condition, meaning∣∣∣∣ Pr

r∈{0,1}S(`)
[Mr(x) = 1]− Pr

z∈{0,1}`
[MG(z)(x) = 1]

∣∣∣∣ > 1

10
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for an infinite number of x’s, then it can be used to contradict the definition of G as
a pseudo random generator (if this is true only for a finite number of x’s, then we
can create M ′′ that has these x’s hard coded, and then we can use G to derandomize
M ′′, as explained before).
Let {xi}i∈I be an infinite series of x’s, one for each length, that satisfy the above
condition. The series of circuits {Ci}, such that Ci on input r, has xi hard-coded,
and simulates Mr(xi) (if there is no xi of its length, Ci returns 0). {Ci} distinguishes
between r and G(z) with probability larger than 1

10
. SIZE (Ci) = O ((S(`))2), in

the proof of P ⊂ P/poly, we have seen that there exists a circuit of size t2 for any
deterministic Turing machine with runtime t. {Ci} contradicts that G is a pseudo-
random generator.

In this proof we have seen that if we a have pseudo random generator that works on
polynomial size circuits, we can use it to derandomize polynomial time algorithms.
We needed the generator to work circuits, because in the proof above, for every input
length n, the input xi has to be hard coded into the circuit.
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Lecture 6

Derandomization and Interactive Proof Systems
December 6th, 2012

Lecturer: Gil Cohen Scribe: Sagie Benaim, Yuval Madar

In this lecture we complete our discussion of derandomization by first providing a
general derandomization result using a pseudorandom generator, and subsequently
looking at a circuit lower bound resulting from derandomizing an algorithm solving
a specific problem.
In the second part of the lecture we introduce the notion of interactive proofs, define
a number of important classes and subsequently give circuit lower bounds regarding
these classes.

6.1 Pseudorandom Generators and Derandomization

Theorem 6.1. Suppose that there exists an s(l)-pseudorandom generator for a time-
constructible non-decreasing s : N→ N. Then for every polynomial computable func-
tion l : N→ N, BPTIME (s(l)) ⊆ DTIME

(
2ls(l)

)
Proof. Consider an s(l)-pseudorandom generator G : {0, 1}∗ → {0, 1}∗ for s as above.
Let L ∈ BPTIME (s(l)). Then we have a probabilistic algorithm A that on input
x ∈ {0, 1}n, runs in time c · s(l(n)) for some constant c, and satisfies

Pr
r∼{0,1}m

[A(x, r) = L(x)] ≥ 2/3,

where m ≤ s(l(n)) and L(x) = 1 iff x ∈ L (0 otherwise).
The intuition is that to emulate the true randomness, we can use the output of
the pseudorandom generator instead of a truly random string, and the randomized
algorithm will not be able to tell the difference most of the time.
Algorithm B is defined as follows: For every z ∈ {0, 1}l(n), compute G(z) ∈ {0, 1}m,
and run A on input x, replacing the random string r by G(z) (this is, run A(x,G(z))).
We then output the majority of all answers from the iterations.
We’ll prove that for sufficiently large n, A(x,G(z)) answers correctly for more than
half of the z’s, say for 2/3 - 0.1 of them. That is, A(x,G(z)) = L(x) for the majority
of z’s and therefore, B(x) = L(x). The algorithm B runs in time 2ls(l) (running A
takes s(l) time, and it is repeated 2l times).
Let us assume, towards a contradiction, that for infinitely many n’s, there exists some
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x for which A(x,G(z)) 6= L(x) for more than 1/3 + 0.1 of the z’s. We’ll show that in
this case G is not pseudorandom (namely it doesn’t 1/10-fool circuits of size s(l)3).
The fraction of z’s for which A(x,G(z)) ≥ L(x) is at most 2/3−0.1. So on a uniformly
chosen z, Pr(A(x,G(z)) = L(x)) < 2/3−0.1. Choosing r ∈ Um uniformly at random,
Pr(A(x, r) = L(x)) = 2/3. Therefore Pr(A(x,G(z)))− Pr(A(x, Um)) > 0.1.
Viewing A(x, r) as a circuit that takes r as an input, and gets x as advice, we get a
contradiction by the definition of pseudorandom generators.

Note that in Theorem 6.1 we had to get an advice x in order to construct an algorithm
distinguishing between the pseudorandom generator’s output and a truly random
string. That’s why we had to fool circuits instead of Turing machines.
The above gives a natural derandomization. Theorem 6.1 gives us the following
corollaries:

Corollary 6.2. the following holds

1. If there exists a 2εl-pseudorandom generator for some constant ε > 0 then
BPP = P.

2. If there exists 2l
ε-pseudorandom generator for some constant ε > 0 then BPP ⊆

QuasiP = DTIME
(
2logc n

)
for some c = c(ε).

3. If for every c > 1 there exists lc-pseudorandom generator then BPP ⊆ SUBEXP =⋂
ε>0 DTIME

(
2n

ε)
We note that we currently do not know how to construct a pseudorandom generator.
However, under some hardness assumptions this is possible, and the derandomization
result of Theorem 6.1 would follow.
Nisan and Wigderson [1994] showed that given a strong enough circuit lower bound
(in particular of size at least super-polynomial) it is possible to construct a pseudoran-
dom generator and therefore get a (perhaps partial, yet non-trivial) derandomization
of BPP. With time, it was realised that circuit lower bounds are hard to prove, and
therefore people considered whether derandomization can be based on uniform hard-
ness assumptions. The following theorem shows that under the plausible complexity
assumption that BPP 6= EXP, this is indeed possible∗:

Theorem 6.3 (Impagliazzo and Wigderson [1998]). Assume BPP 6= EXP. Then
for every L ∈ BPP there exists a subexponential (2no(1)) time deterministic algorithm
∗While it is widely believed that BPP 6= EXP we don’t even know how to separate BPP from

NEXP.
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A such that for infinitely many n’s

Pr
x∼{0,1}n

[L(x) = A(x)] ≥ 1− 1/n.

Note that this also holds when x is sampled from any distribution that could sampled
efficiently. A distribution is efficiently samplable if there exists a Turing machine,
that given n, samples a string of length n from the distribution. This means that it
would be computationally difficult to output an instance x (for infinitely many n’s)
such that the above derandomization fails.

6.1.1 Derandomization implies Circuit Lower Bounds

In the following few lectures, we will consider the opposite direction of the trade-
off between hardness and derandomization: This is, that derandomization implies
hardness.
Recall the definitions of the complexity class VP (Definition 4.7), the problem ZEROP
(problem 2) and the permanent of a matrix (Definition 4.8). A randomized algorithm
for ZEROP was shown in Schwartz [1980], but it is a major open problem whether a
deterministic polynomial algorithm exists.
The following shows that given a derandomization of ZEROP, we can establish a
circuit lower bound:

Theorem 6.4 (Kabanets and Impagliazzo [2004]). If ZEROP ∈ P, then either
NEXP 6⊆ P/poly or PERM 6∈ VP.

Note the first lower bound (that NEXP 6⊆ P/poly) is believable yet a weak bound.
Indeed in the next section we prove (unconditionally) that the randomized version
of NEXP is not contained in P/poly. It is commonly believed that the second lower
bound (PERM 6∈ VP) is also true.

6.2 Interactive Proof Systems

We first give the notion of an Interactive Proof System:

Definition 6.5 (Interactive Proof System). An interactive proof system is a multi-
round protocol between two parties, a prover and a verifier, such that on each round,
messages are exchanged between the verifier and the prover to establish if a string
belongs to the language or not. We assume that the prover is all powerful, but cannot
be trusted, while the verifier has bounded resources. An interactive proof system must
satisfy the following properties:
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Completeness There exists a proof strategy for the prover, such that if a string is
in the language, then the verifier is convinced of this.

Soundness If a string is not in the language, then no proof strategy (no prover) can
convince the verifier that the string is in the language.

Recall the definition of NP: A language L ∈ NP if there exists a Turing machine M
for which the following holds:

x ∈ L ⇐⇒ ∃y ∈ {0, 1}|x|cM(x, y) = 1,

for some constant c. NP is therefore a simple Interactive Proof System where the
verifier is a P machine: The prover produces a polynomial size certificate and the
verifier verifies it in polynomial time. Note that in the definition of NP there is
no assumption on the hardness of computing y = y(x). The fact that the prover is
computationally unbounded is formalized by the existence of the existential quantifier.
In the following definition, we look at an Interactive Proof System, where the verifier
can use random bits to decide if to accept a certificate sent by the prover.

Definition 6.6 (MA). We define MA as the class of languages L for which there
exists a probabilistic Turing machine M such that:

x ∈ L⇒ ∃y ∈ {0, 1}|x|c Pr[M(x, y) = 1] ≥ 2/3.

x 6∈ L⇒ ∀y ∈ {0, 1}|x|c Pr[M(x, y) = 1] ≤ 1/3.

Similarly to NP, MA can be viewed as an Interactive Proof System, where the
verifier (Arthur) is probabilistic polynomial time machine (instead of deterministic),
and the prover (Merlin) has unbounded resources.

The relation between MA and the other complexity classes is illustrated in Figure 2.
One can informally think of MA as a randomized version NP, which means that both
BPP and NP are contained in MA. The top relation in the diagram (MA ⊂ Σp

2)
was proven in Russell and Sundaram [1998].

Definition 6.7 (IP, Goldwasser et al. [1985]). IP is the class of languages described
by an Interactive Proof System, where the two parties communicate using messages
of polynomial length sent over polynomially many rounds. That is, there exists a
prover P and a verifier V s.t, for all provers Q

x ∈ L⇒ Pr[V ↔ P accepts x] ≥ 2

3
.
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Figure 2: The relation of MA to other complexity classes.

x 6∈ L⇒ Pr[V ↔ Q accepts x] ≤ 1

3
.

The following result lead to the belief that IP could be small:

Theorem 6.8 (Fortnow and Sipser [1988]). There exists an oracle O s.t coNPO 6⊆
IPO.

However, it was later proved that:

Theorem 6.9 (Shamir [1992]). IP = PSPACE.

The proof of this theorem is based on a paper by Lund et al. [1990], which showed
that #SATD is in IP.
An extension to the class IP was provided in Ben-Or et al. [1988], called MIP:

Definition 6.10 (MIP). MIP (Multi prover Interactive Proof) is an interactive
proof system in which there are several provers who cannot communicate from the
moment the verification process begins.

It was shown in Ben-Or et al. [1988] that having more than two, but a constant
number of provers, does not increase the class’s computational power. It was shown
in Babai et al. [1991] that MIP = NEXP.

6.2.1 Three corollaries from IP = PSPACE

In Theorem 3.1 it was shown that NP ⊂ P/poly ⇒ PH = Σp
2 . We now prove an

additional conditional lower bound:
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Corollary 6.11. PSPACE ⊂ P/poly ⇒ PSPACE = MA

Proof. The proof makes use of the fact that PSPACE = IP (Theorem 6.9). The
interaction between Merlin and Arthur is an instance of TQBF (True Quantified
Boolean Formula), and so the the prover Merlin is a PSPACE machine. Since
PSPACE = IP and by the assumption, Merlin can be replaced by a polynomial size
circuit family {Cn}.
The interaction between Merlin and Arthur can now be carried in one round: Given
input x of length n, Merlin sends to Arthur Cn which is of polynomial size in |x|.
Arthur then simulates the interactive proof getting answers from Cn instead of Merlin.
Note that if the input is not in the language, then every circuit sent to Arthur by
Merlin fails to act as a prover (it does not have a reasonable chance to convince the
verifier).

We can also improve upon a result by Meyer (Theorem 3.2), which states that

EXP ⊆ P/poly ⇒ EXP = Σp
2 .

Corollary 6.12 (Babai et al. [1993]).

EXP ⊆ P/poly ⇒ EXP = MA.

Proof. Assume EXP ⊆ P/poly. By Theorem 3.2, we have that EXP ⊆ Σp
2 ⊆

PSPACE ⊆ EXP. Now by Corollary 6.11, we have PSPACE = MA. Combining
both results, the corollary follows.

Definition 6.13 (MAEXP). MAEXP is the class of languages decided by a one round
Interactive Proof System where the verifier has exponential time (and exponential
random bits) and the prover sends an exponentially long proof (this is an exponential
analogue to the class MA defined earlier).

A corollary of Corollary 6.12, which is the best currently known circuit lower bound
for P/poly:

Theorem 6.14 (Buhrman et al. [1998]). MAEXP 6⊂ P/poly.

6–6



Proof. We prove this by contradiction:

MAEXP ⊆ P/poly

⇒ PSPACE ⊆ P/poly (Since PSPACE ⊆ EXP ⊆MAEXP)

⇒ PSPACE = MA (By Corollary 6.11)

⇒ EXPSPACE = MAEXP (Explained below)

⇒ EXPSPACE ⊆ P/poly

But, EXPSPACE 6⊆ P/poly, since in exponential space, we can go over all functions,
and for each such function simulate all polynomial sized circuits, until a function is
found which doesn’t agree with any of the circuits (and then output as this function
does).
Now we show that if PSPACE = MA, then EXPSPACE = MAEXP using a
standard padding argument described below:
Let L ∈ EXPSPACE. Therefore L ∈ DSPACE

(
n2c
)
for some constant c. Define

L′ = {x · 12|x|
c

| x ∈ L}. Then L′ ∈ PSPACE as given x we check if it is in L′

by simply checking if the first c · log2(|x|) bits are in L using polynomial space and
using a counter of size |x|c to check that it is followed by the correct number of 1’s.
Therefore, by our assumption, L′ ∈MA.
We have that L ∈MAEXP since, given x, we can write 2|x|

c
1’s at the end of x and

check that it is in L′.

6.3 Succinct Problems

Consider a string s of length 2n, and let f be a function of n inputs such that truth
table of f is given by s. We write this as s = tt(f) where tt stands for ‘truth table’
(Similarly for a circuit C, write tt(C) for the truth table of C).

Definition 6.15 (SUCCINCT-Π). Consider a decision problem Π. SUCCINCT-
Π is the following decision problem: On input circuit C on n inputs whose size is
polynomial in n, decide if tt(C) ∈ Π.

We give the following examples:

1. Let Π = OR (this problem is in LOGSPACE and therefore in P). The problem
SUCCINCT-OR then becomes the problem of deciding given a polynomial-size
circuit C if its truth table contains a 1. This problem is called the Circuit
Satisfiability Problem which is known to be NP-Complete.
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2. Remote point problem: Given a subspace U of Fn2 , of dimension n/2 find a point
in Fn2 that is far from all points in U . (in terms of hamming distance) Given a
basis for U which is a succinct representation of U , the problem of finding such
a point is hard. Note that this problem does not conform to the definition of
SUCCINCT-Π, but uses the same idea of succinctness.

3. SUCCINCT-SAT is the problem of deciding if a circuit represents an encoding of
a satisfiable formula. The circuit describes a formula of at most exponential size,
and SUCCINCT-SAT is clearly in NEXP, since we can "guess" an exponential-
size formula, and check its equivalence in exponential time.
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Lecture 7

Kabanets-Impagliazzo Theorem - Derandomization
implies Circuit Lower Bounds

December 13rd, 2012

Lecturer: Gil Cohen Scribe: Avishay Tal

In previous lectures we mentioned that hardness implies derandomization, by the
works of Nisan, Wigderson and Impagliazzo. In paritcular if E = DTIME

(
2O(n)

)
contains a language which requires exponential size circuits then P = BPP. This
was great news for algorithmic people two decades ago, who thought that circuit
lower bounds were right around the corner, thus implying derandomization of all
randomized efficient algorithms. However, the work of Razborov and Rudich [1997]
on natural proofs showed that proving circuit lower bounds such as E 6⊂ P/poly cannot
be proven by a “natural” proof, assuming the existence of a cryptographic primitive
called one way function.
The question remained whether derandomization can be achieved in other ways?
The work of Kabanets and Impagliazzo [2003] (based on previous work of Impagli-
azzo et al. [2001]) showed that actually derandomization implies some circuit lower
bounds: either for Boolean circuits or for arithmetic circuits. Thus, both problems
are essentially related, and one cannot hope to solve one without the other. In this
lecture we show this proof. More formally, we prove the following.

Theorem 7.1 (Kabanets and Impagliazzo [2003]). If ZEROP ∈ P then either NEXP 6⊂
P/poly or PERM /∈ VP.

Note that as ZEROP ∈ BPP (and even ZEROP ∈ coRP), derandomizing BPP or
even coRP would yield, according to Theorem 7.1, some circuit lower bounds which
are out of our current reach.
The proof of Theorem 7.1 uses many classic as well as more modern results in com-
plexity theory. We now state these results, and then turn to prove Theorem 7.1. We
start with the following beautiful theorem.

Theorem 7.2 (Impagliazzo et al. [2001]). NEXP ⊆ P/poly =⇒ NEXP = EXP

We will see the (quite involved) proof of this theorem in the next lecture. The next
theorem we use, attributed to Meyer, was previously stated and proved in Lecture 3
(see Theorem 3.2).

Theorem 7.3 (Karp and Lipton [1980]). EXP ⊆ P/poly =⇒ EXP = Σp
2
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We state without proof two beautiful theorems (see Arora and Barak [2009], Chapter
17 for proofs) concerning the complexity class #P.

Definition 7.4. The complexity class #P is the class of functions counting the
number of accepting paths of an NP machine.

f ∈ #P⇔ ∃ polynomial time non-deterministic M : f(x) = |{y |M(x, y) = 1}|

Theorem 7.5 (Toda [1989]). PH ⊆ P#P

Theorem 7.6 (Valiant [1979a]). PERM is #P-complete

Note that PERM is also complete for VNP, which is a completely different complexity
class defined by Valiant (we mentioned this class in Lecture 4, see Section 4.2).
The following lemma is the last piece of the puzzle needed to prove Theorem Theo-
rem 7.1.

Lemma 7.7. If PERM ∈ VP and ZEROP ∈ P then PPERM ⊆ NP.

Proof. The proof idea is to simulate the oracle to PERM by guessing (using the
non-determinism of NP) small circuits for the Permanent (which exist, under the
assumption PERM ∈ VP). The guessed circuits are verified using the polynomial-
time algorithm for ZEROP, which is assumed to exists. We now make this formal.
Let L ∈ PPERM. Let M be a polynomial-time Turing machine with oracle access to
PERM that decides L. Let p(n) be a polynomial bounding the running time of M
on input of length n. Clearly, M can’t ask questions of size larger than p(|x|) on
input x, so it is enough to simulate the oracle for questions of size ≤ p(|x|). Also by
our assumption there are circuits of size q(n) that computes the permanent of n× n
matrices correctly for some polynomial q(·).
We describe a non-deterministic machine M ′ that decides L in polynomial-time. On
input x, M ′ will guess circuits {Ci} solving PERM for input size i = 1, . . . , p(|x|).
Each Ci will be of size ≤ q(i) using our assumption that PERM ∈ VP. M ′ will then
validate that these circuits do compute the permanent of the corresponding sizes. If
the circuits were successfully verified, M ′ will simulate M on input x evaluating the
circuits on each query to the oracle, and accept/reject according to M .
We will now see how M ′ can verify the correctness of the circuits it guesses. M ′ will
check that C1 is the circuit with one gate computing PERM1(A) , A1,1. For t ≥ 2,M ′

will verify Ct computes the permanent of t× t matrices assuming that Ct−1 computes
the permanent of (t−1)× (t−1) matrices. To show this we will use the self-reducible
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nature of the permanent and our assumption that ZEROP ∈ P. Recall that

PERMt(A) =
t∑
i=1

A1,i · PERMt−1(M1,i(A)) (5)

where Mi,j(A) is the i, j minor of A, i.e. the matrix A without the ith row and jth
column. It is enough to verify that

Ct(A) ≡
t∑
i=1

A1,i · Ct−1(M1,i(A)) (6)

since by the induction hypothesis and Equation 5 the RHS equals PERMt(A) for all
As. Equation 6 is equivalent to

Ct(A)−
t∑
i=1

A1,i · Ct−1(M1,i(A)) ≡ 0 (7)

and there is a small circuit of size |Ct|+ t · |Ct−1|+O(t) which computes the LHS of
Equation 7. Hence, we can use the polynomial time algorithm for ZEROP to verify
this equation.

We are finally ready to prove Theorem 7.1.

Proof of Theorem 7.1. We will show an equivalent form of the statement in the the-
orem - all of the following can’t hold together:

• ZEROP ∈ P

• NEXP ⊆ P/poly

• PERM ∈ VP.

We will assume all three hold, and arrive to a contradiction.

NEXP=EXP (NEXP ⊆ P/poly, Theorem 7.2)

=Σp
2 (EXP ⊆ P/poly, Theorem 3.2)

⊆PH (by definition)

⊆P#P (Toda, Theorem 7.5)

=PPERM (Valiant, Theorem 7.6)

⊆NP (ZEROP ∈ P, PERM ∈ VP, Lemma 7.7)

7–3



However, by the non-deterministic time hierarchy (see Theorem 1.7) we know that
NP is strictly contained in NEXP, thus we reach a contradiction.
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Lecture 8

Impagliazzo-Kabanets-Wigderson Theorem
December 27th, 2012

Lecturer: Gil Cohen Scribe: Gil Cohen, Igor Shinkar

In this lecture we complete the proof of Theorem 7.1 from the previous lecture, by
proving Theorem 7.2, which asserts that NEXP ⊆ P/poly =⇒ NEXP = EXP.
Theorem 7.2 has the “same flavor” as other theorems we have encountered, such as

• NP ⊆ P/poly =⇒ PH = Σp
2 (see Theorem 3.1).

• PSPACE ⊆ P/poly =⇒ PSPACE = MA (see Corollary 6.11).

• EXP ⊆ P/poly =⇒ EXP = MA (see Corollary 6.12).

In all of the above, we assume that P/poly contains some uniform complexity class,
an assertion that we believe to be false, and conclude a collapse between uniform
complexity classes, hoping to get a contradiction. As it turns out, the known proof
for Theorem 7.2 is significantly more involved than the proofs of the other, similar
in spirit, results. This is being said with some reservation, as Corollary 6.11 and
Corollary 6.12 are “easy” to prove only given IP = PSPACE.
In order to prove Theorem 7.2 we need to introduce two notions that are interesting
on their own right - the notion of advice, and the notion of infinitely often.

8.1 Turing Machines that Take Advice

The class P/poly was defined in Lecture 2 (see Definition 2.10) in terms of circuits, in
order to model non-uniformity. Historically however, P/poly was defined in terms of
Turing machines that “take advice” - circuits were not involved. Informally, a Turing
machine is said to take an advice if for every input length n the machine has access
to a string αn on top of its input.

Definition 8.1. Let t : N → N and a : N → N be two functions (which we think
of as the time and advice functions, respectively). We say that a language L is in
the complexity class DTIME (t(n))/a(n) if there exists a Turing machine M that
runs in time t(n) on inputs of length n, and a family of strings {αn}∞n=1, such that
|αn| ≤ a(n) for all n, such that

x ∈ L ⇐⇒ M(x, α|x|) = 1.
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The name of the class P/poly is perhaps clearer at this point: to the left of the slash
we have the complexity class P and to the right poly which represents advice of
polynomial length. The following theorem makes this formal.

Theorem 8.2.
P/poly =

⋃
a,b∈N

DTIME (na)/nb

Proof. We first prove the ⊆ direction. The idea is simple - evaluating a circuit on
a given input can be done in time which is polynomial (and even linear) in the
description length of the circuit and the input. Thus, one can use the advice to store
the circuit description. We make this formal. Let L ∈ P/poly. Then there exist a
constant c ≥ 1 and a family of circuits {Cn} computing L such that (for large enough
n) size(Cn) ≤ nc. Given x and a reasonable description of C|x|, a Turing machine can
compute C|x|(x) in time O(|x|c). By considering the description of Cn as the advice
αn, we get L ⊆ DTIME (nc)/nc.
As for the other direction, let L ∈ DTIME (na)/nb for some constants a, b. The idea
again is simple. Since P ⊂ P/poly the Turing machine for L can be simulated by a
circuit family. We then take an advantage of the non-uniformity by hard-wiring the
advices, one in each circuit. We make this formal. There exist a Turing machine M
that runs in time O(na) for inputs of length n, and a family of strings {αn} with
|αn| ≤ nb such that x ∈ L ⇐⇒ M(x, α|x|) = 1. By Theorem 2.12 there exists a
family of circuits {Cn} of size O(n2a) that agrees with M . By hard-wiring the advice
αn to the circuit Cn we get a family of circuits {C ′n} that decides L. This conclude
the proof as size(C ′n) ≤ O(n2a).

By examining Theorem 8.2 one can see a downside of model non-uniformity using
circuits - the advice and the computation are mixed, as evaluating a circuit is done in
time linear in its size. When considering the Turing machines with advice definition,
one can separate the computation from the advice length. For example, one can
consider the class P/1, namely, efficient computation with one bit of advice. This
class is already strong enough to solve the Halting Problem!
Recall that NEXP = ∪aNTIME

(
2n

a) and that P/poly = ∪bSIZE
(
nb
)
. In Theo-

rem 7.2 we assume that NEXP ⊆ P/poly. Therefore one can ask whether for every a
there exists a b = b(a) such that NTIME

(
2n

a) ⊂ SIZE
(
nb
)
. Of course, for general

sets this doesn’t hold (take A = (0, 1] = ∪n(0, 1] and B = ∪n[ 1
n
, 1]. Although A = B,

there is no n such that A ⊆ [ 1
n
, 1]). Nevertheless, since we are dealing with very

structured sets (complexity classes), this assertion (and more) is true, and will be
useful for us.
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Lemma 8.3. If NEXP ⊆ P/poly then for every a ∈ N there exists b = b(a) such that

NTIME
(
2n

a)
/n ⊂ SIZE

(
nb
)
.

Proof. For a given a ∈ N consider a universal non-deterministic Turing machine
Ua(·, ·) that on input (x, i) ∈ {0, 1}∗ × N simulates the i’th non-deterministic Turing
machine Mi on input x for 2|x|

a steps. Note that L(Ua) ∈ NEXP, and hence, by the
assumption of the lemma we have L(Ua) ∈ P/poly. Therefore, there exists a family
of circuits {Cn} of size |Cn| = nc such that C|x,i| computes L(Ua), i.e., C|x,i|(x, i) =

Ua(x, i).
We now prove NTIME

(
2n

a)
/n ⊂ SIZE

(
nb
)
. Take a language L ∈ NTIME

(
2n

a)
/n.

Then, there is a sequence of advices {αn}n∈N with |αn| = n, and an index i = iL such
that for every x ∈ {0, 1}∗ we have x ∈ L if and only if Mi(x, α|x|) has an accepting
computation path, where Mi is the i’th non-deterministic Turing machine. Taking
the family of circuits {Cn} as above we have C|x,α|x|,iL|(x, α|x|, iL) = L(x). Therefore,
by fixing the inputs α|x|, iL we obtain the desired family of circuits that computes L
whose size is at most most (2n+ |iL|)c+1. The lemma follows.

8.2 Infinitely Often

Another notion we use in the proof of Theorem 7.2, which is also quite common
in complexity theory, is the notion of infinitely often. Roughly speaking, given a
complexity class C, the infinitely often version of C contains all languages that agree
with some language from C on infinitely many input lengths.

Definition 8.4. Let C be a complexity class. Define the class io−C to contain all
languages L for which there exist a language L′ ∈ C and an infinite set I ⊆ N such
that for every n ∈ I, L ∩ {0, 1}n = L′ ∩ {0, 1}n.

One can easily verify that

Lemma 8.5. Let C1,C2 be two complexity classes. Then

C1 ⊆ C2 =⇒ io−C1 ⊆ io−C2.

We will also make use of the following lemma.

Lemma 8.6. For any fixed c ∈ N it holds that EXP 6⊂ io−SIZE (nc).

Proof. By the Size Hierarchy Theorem (Theorem 2.11), there exists n0 = n0(c) such
that for every n > n0 there exists a function fn on n inputs that cannot be computed
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by circuits of size nc yet can be computed by circuits of size at most 4 · nc. Given n,
one can find, say, the first lexicographic such function and simulate it in exponential
time. Denote the resulting language by Lc.
If Lc ∈ io−SIZE (nc) then there exists a family of circuits {Cn} such that size(Cn) ≤
nc, where infinitely many of them computes fn (that is, Lc on the respective input
length) correctly. This contradicts the fact that at all but the first n0 circuits in the
family cannot compute Lc correctly.

As a corollary we obtain

Corollary 8.7. If NEXP ⊆ P/poly then for every fixed a ∈ N it holds that

EXP 6⊆ io−[NTIME
(
2n

a)
/n].

Proof. By the assumption that NEXP ⊆ P/poly and by Lemma 8.3, there exists
b = b(a) such that

NTIME
(
2n

a)
/n ⊂ SIZE

(
nb
)
.

By Lemma 8.5 it follows that

io−[NTIME
(
2n

a)
/n] ⊂ io−SIZE

(
nb
)
.

However, by Lemma 8.6,
EXP 6⊂ io−SIZE

(
nb
)
,

which concludes the proof.

8.3 A Proof for the IKW Theorem

Recall that we wish to prove Theorem 7.2, which asserts that NEXP ⊆ P/poly =⇒
NEXP = EXP. In other words, we want to show that NEXP ⊆ P/poly and
NEXP 6= EXP cannot both hold together. Corollary 8.7 states that under the
assumption that NEXP ⊆ P/poly it holds that

∀a ∈ N EXP 6⊆ io−[NTIME
(
2n

a)
/n]. (8)

Given that, all that is left is to prove

Lemma 8.8. If NEXP 6= EXP then

∃a ∈ N MA ⊆ io−[NTIME
(
2n

a)
/n]. (9)
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This would conclude the proof of Theorem 7.2. Indeed, since we assume that NEXP ⊆
P/poly (and thus EXP ⊆ P/poly), by Corollary 6.12, EXP = MA. Hence, Equa-
tion 8 and Equation 9 stand in contradiction to each other. Therefore, we are left to
prove Lemma 8.8. The proof idea is very elegant, and is based on the “easy witness”
method introduced by Kabanets [2000].

Proof of Lemma 8.8. Under the assumption NEXP 6= EXP there exists a language
L∗ ∈ NEXP\EXP (any complete language for NEXP will do). Since L∗ ∈ NEXP,
there exist a constant c∗ = c∗(L∗) and a non-deterministic Turing machine M∗, that
runs in time O(2n

c∗
) on inputs of length n, such that

z ∈ L∗ ⇐⇒ ∃y ∈ {0, 1}2|z|
c∗

M∗(z, y) = 1.

What is the implication of L∗ 6∈ EXP ? Well, any attempt at deciding L∗ in de-
terministic exponential time is bound to fail! How are we to take advantage of this
hardness of L∗? We will suggest a specific attempt at deciding L∗ in deterministic
exponential time, and benefit from it failing. Clearly, we need double-exponential
time in order to simulate the non-determinism of M∗ by enumerating over all possi-
ble witnesses y. The key idea is to consider only “easy” witnesses, namely, y’s that
are the truth table of functions that can be computed by small circuits. We make
this formal.
For any constant d, consider the following deterministic Turing machine Md: On
input z of length |z| = n, enumerate over all circuits of size nd with nc∗ inputs. For
any such circuit C, consider its truth table y = tt(C), which is a string of length
2n

c∗ , and check whether M∗(z, y) = 1. If we found no such y, the machine rejects z.
Otherwise, the machine accepts z.
Observe that if z 6∈ L∗ then there is no witness for z being in L∗, and thus certainly
there is no easy witness for this false claim. Thus, Md rejects z. Observe further that
the running time of Md is

number of circuits of size nd with nc
∗
inputs ×

time to evaluate each such circuit on all inputs (so to compute the truth table) ×
time to run M∗ on the resulting truth table

≤ O
((

(n2d)n
d
)
·
(

2n
c∗ · nd

)
·
(

2n
c∗
))

= exp(n).

That is, for every fixed d, Md runs in exponential time, and thus cannot compute L∗

correctly. Moreover, we can assume thatMd fail to compute L∗ correctly on infinitely
many inputs, as otherwise we could have “correct” Md by adding to it the finite table
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of the inputs it fails to compute correctly. That is, for every d, there exists an infinite
sequence of inputs Zd = {z(d)

i }i∈Id for which Md(z
(d)
i ) 6= L∗(z(d)

i ), where Id ⊆ N is the
set of lengths for which there are “bad inputs” (notice that we may take one input
per length and Zd would still remain infinite).
Moreover, we note that Md makes only one-sided error. Namely, if z 6∈ L∗ then, for
every d, Md would correctly reject z. The only mistakes are false-negative, namely,
rejecting inputs that should have been accepted. This may (and will) occur for inputs
that has only hard witnesses, that is, witnesses that cannot be computed by circuits
of size |z|d.
The conclusion of all of this is that for every d, there exists a non-deterministic Turing
machine M ′

d that given n, runs in time 2n
c∗ and uses n bits of advice, such that on

infinitely many n’s prints the truth table of a function that cannot be computed by
circuits of size nd. We now explain this last assertion. The machine M ′

d will work for
the input set Id, which is infinite. For an input n ∈ Id, and advice string z(d)

n , the
machine M ′

d guesses a string y ∈ {0, 1}2n
c∗

and checks whether M∗(z(d)
n , y) = 1. If

the answer is true, the machine M ′
d prints y.

Note that the machine uses n bits of advice (the string z(d)
n ), and runs in time O(2n

c∗
)

- the time required to guess y, check whether M∗(z(d)
n , y) = 1 and print y. Moreover,

if n ∈ Id then z(d)
n is an input that is falsely rejected by Md, and thus, by the above

discussion, z(d)
n ∈ L∗, though any witness for this fact - and there are such witnesses

- cannot be computed by circuits of size nd. This implies that the machine M ′
d would

guess and print a y ∈ {0, 1}2n
c∗

that is the truth table of a function that cannot be
computed by circuits of size nd, as long as n belongs to the infinite set Id, which was
our assertion.
With {M ′

d}d in hand, we are ready to prove Equation 9. Let L ∈ MA. Then there
exists a constant d = d(L) such that for any input x, Merlin (the non-determinism)
sends Arthur (the probabilistic verifier) a proof y ∈ {0, 1}|x|d for the claim “x ∈ L”.
Arthur then tosses |x|d random bits, and decides (deterministically, given the random
bits) in time |x|d whether to accept x given y.
We now derandomize Arthur. We restrict ourselves to the case where n = |x| ∈ Id.
By the above, there exists a Turing machine M ′

d that runs in time O(2n
c∗

), which is
exponential in this universal constant c∗, and is independent of d. The machine M ′

d

prints the truth table of an nd-hard function. This hard function can be used with
the Nisan-Wigderson PRG, which in turn, allows us to derandomize Arthur. This
simulation of Arthur takes time nO(d). Since we are using n-bits of advice, runs in
non-deterministic time 2n

c∗
+ nO(d) = O

(
2n

c∗
)
∗, and correctly computes L for all

∗At this point a magic / cheating of asymptotic is crucial - c∗ is fixed before d, as c∗ is some
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inputs with length in Id, we get that L ∈ io−[NTIME
(

2n
c∗
)
/n]. The proof then

follows since this holds for every L ∈ MA with the same constant c∗ in the right
hand side.

function of a fixed language in NEXP\EXP, while dmay vary depending on the language L ∈MA.
Nevertheless, both c∗ and d are constants in n. Thus, the expression 2n

c∗

asymptotically dominates
nO(d).
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